Convergence in evolutionary variational

inequalities with hysteresis nonlinearities

V. Reitmann and H. Kantz^∗

Max Planck Institute for the Physics of Complex Systems, Dresden Germany

EQUADIFF 11, Bratislava, July 2005

∗Supported by the German Priority Research Program (DFG): Mathematical methods for time series analysis and digital image processing ———————————————————————————— http://www.vreitmann.de

1. Basic notation Y_0 real Hilbert space, (·, ·)_0 scalar product, ‖ · ‖_0 norm, � ∈ L(D(�), Y_0) self-adjoint, D(�) ⊂ Y_0 dense, (�y, �y)_0 ≥ ‖y‖^2_0 , ∀ y ∈ D(�) Y_1 := D(�) Hilbert space with scalar product (y, η)_1 := (�y, �η)_0 , ∀ y, η New scalar product in Y_0 (y, η)_{−1} := (�^{−1}y, �^{−1}η)_0 , ∀ y, η ∈ Y_0 , Y_{−1} completion of Y_0 w.r.t. (·, ·)_{−1} ⇒ Y_1 ⊂ Y_0 ⊂ Y_{−1} dense and continuous embedding (“rigged Hilbert space structure”) |(η, y)_0| = |(�^{−1}η, �y)_0| ≤ ‖�^{−1}η‖_0‖�y‖_0 = ‖η‖_{−1}‖y‖_1 , ∀ y ∈ Y_1, η ∈ Y_0 (·, ·)_{−1,1} extension by continuity of the functionals (·, y)_0 onto Y_{−1} (·, ·)_{−1,1} coincides with (·, ·)_0 on Y_0 × Y_1 and satisfies |(η, y)_{−1,1}| ≤ ‖η‖_{−1}‖y‖_1 , ∀ η ∈ Y_{−1}, y ∈ Y_1 −∞ ≤ T_1 < T_2 ≤ +∞ , L^2(T_1, T_2; Y_j) , j = 1, 0, −1 Bochner measurable functions with ‖y‖_{2,j} := (∫_{T2} T_1 ‖y(t)‖^2_j dt )_{1/2}

W(T_1, T_2) space of functions s.th.

y ∈ L^2(T_1, T_2; Y_1), ẏ ∈ L^2(T_1, T_2; Y_{−1}) equipped with the norm ‖y‖_{W(T1,T2)} := (‖y‖^2_{,1} + ‖ẏ‖^2_{,−1})^{1/2} Lions embedding theorem: Each function from W(T_1, T_2) belongs to C(T_1, T_2; Y_0).

2. Evolutionary variational inequalities �, Z real Hilbert spaces with scalar products (·, ·)_�, (·, ·)_Z and norms ‖ · ‖_� , ‖ · ‖_Z A ∈ L(Y_1, Y_{−1}) , B ∈ L(�, Y_{−1}) , C ∈ L(Y_0, �) φ : D(φ) ⊂ W^{1,2}(0, T ; Z) × � → W^{1,2}(0, T ; �) strongly continuous hysteresis operator E : Z → 2^� , D(φ) = {(z, ξ_0) ∈ W^{1,2}(0, T ; Z) × � | ξ_0 ∈ E(z(0))} ψ : Y_1 → R ∪ {+∞} convex, lower semi-continuous, ψ ≢ +∞ (ẏ(t) − Ay(t) − Bξ(t), η − y(t))_{−1,1} (1) + ψ(η) − ψ(y(t)) ≥ 0 , ∀ η ∈ Y_1 a.e. t ∈ (0, T ) ξ(t) = φ(z, ξ_0)(t), z(t) = Cy(t), (2) y(0) = y_0 ∈ Y_0, ξ_0 ∈ E(z(0)) A pair of functions {y, ξ} ∈ W(0, T )∩C(0, T ); Y_0)×L^2(0, T ; �) which satisfies (1), (2), is called solution of (1), (2) on (0, T ) with initial conditions y(0) = y_0 and ξ(0) = ξ_0 ; y(·) is the state trajectory, ξ(·) is the control.

A solution {y, ξ} of (1), (2) (and the associated state trajectory y and the control ξ) with y(t) ≡ ŷ ∈ Y_1 and ξ(t) ≡ ξ̂ ∈ � are called stationary. The set of all stationary solutions of (1), (2) is the stationary set S.

Any stationary solution {ŷ, ξ̂ } satisfies the stationary variational inequality (−Aŷ − Bξ̂, η − ŷ )_{−1,1} + ψ(η) − ψ(ŷ ) ≥ 0 , ∀ η ∈ Y_1 (3) ξ̂ = φ(ẑ, ξ̂ ) , ẑ = Cŷ , ξ̂ ∈ E(ẑ ) (4) Special case: ψ(y) ≡ 0 ⇒ (1), (2) is a variational equation ẏ = Ay + Bξ(t) , (1^′) ξ(t) = φ(z(t), ξ_0)(t), ξ_0 ∈ E(z(0)) (2^′) Any stationary solution {ŷ, ξ̂ } of (1^′), (2^′) is given by 0 = Aŷ + Bξ̂ , ξ̂ = φ(ẑ, ξ̂ ) . (3^′), (4^′) If A^{−1} exists, (3^′), (4^′) is equivalent to S = { (ŷ, ξ̂ ) ∈ Y_1 × � | | ŷ = −A^{−1}Bξ̂ , Cŷ + CA^{−1}Bξ̂ = 0 , ξ̂ = φ(ẑ, ξ̂ ) } = { (ŷ, ξ̂ ) ∈ Y_1×� | | ŷ = −A^{−1}Bξ̂, ẑ+χ(0)ξ̂ = 0, ξ̂ = φ(ẑ, ξ̂) } , χ(s) = C(A − sI)^{−1}B transfer operator function.

3. Convergence to the stationary set (A0) The inequality (1), (2) has for arbitrary y_0 ∈ Y_0 and ξ_0 ∈ E(Cy_0(0)) at least one solution {y, ξ}. The stationary set S, given by (3),(4), is non-empty. (A1) ∃ F_1 ∈ L(Z, �) ∃ F_2 ∈ L(�, �)

∀ T ≥ 0 ∀ z ∈ W^{1,2}(0, T ; Z) ∀ ξ_0 ∈ E(z(0)) : ∫_T 0 ( φ̇(z, ξ_0)(t), F_1ż(t) ) �− ( φ̇(z, ξ_0)(t), F_2φ̇(z, ξ_0)(t) ) �dt ≥ 0.

(A2) ∃ κ ∈ {−1, 1} ∃ G_1 ∈ L(�, Z) ∀ T ≥ 0 ∀ z ∈ W^{1,2}(0, T ; Z) ∀ ξ_0 ∈ E(z(0)) ∃ γ(z(0)) ≥ 0 κ ∫_T 0 ( G_1φ(z, ξ_0)(τ), ż(τ) ) Z dτ ≥ −γ(z(0)).

(A3) The pair (A, B) is L^2-controllable, i.e. ∀ y_0 ∈ Y_0 ∃ ξ(·) ∈ L^2(0, +∞; �) such that ẏ = Ay + Bξ, y(0) = y_0 , is well-posed in the variational sense on (0, +∞).

(A4) Any solution of ẏ = Ay, y(0) ∈ Y_0, is exponentially decreasing for t → +∞ .

(A5) The operator A ∈ L(Y_1, Y_{−1}) is regular, i.e.

∀ T > 0, y_0 ∈ Y_1, w_T ∈ Y_1 and ∀ f ∈ L^2(0, T ; Y_{−1}) the solutions of ẏ = Ay + f(t), y (0) = y_0 , and of ẇ = −A^+_w + f(t), w(T ) = w_T , are strongly continuous in the norm of Y_1. Define the quadratic form

F (ζ, ϑ; τ) := (ϑ, F_1Cw)_� − (ϑ, F_2ϑ)_� − τ(G_1Cw, ξ)_�, ζ = (w, ξ) ∈ Y_0 × �, ϑ ∈ � (A6) ∃ τ ∈ R , κτ ≤ 0, ∃ δ > 0 F^c (~ζ, ~ϑ; τ) ≤ −δ|~ζ|^2 ∀ ~ζ ∈ �^c ∀ ω ∈ R , ~ζ = (iω(iω I − A)^{−1}B ~ξ, ~ξ), ~ϑ = iω~ξ. (A7) For any operator P = P^∗ ∈ L(Y_0, Y_0) such that

P ∈ L(Y_{−1}, Y_0) ∩ L(Y_0, Y_1) we have ψ(y_1) − ψ(y_1 − P (y_1 − y_2)) + ψ(y_2) − ψ(y_2 + P (y_1 − y_2)) ≥ 0, ∀ y_1, y_2 ∈ Y_1.

On Y_1 the function ψ_p(y) := ψ(y − P y) − ψ(y) is convex and lower semi-continuous.

Theorem Under the above assumptions any solution {y, ξ} of (1),(2) converges in Y_0 × � to the stationary set S as t → ∞.

4. Example

u_t = u_{xx} − bu , x ∈ (0, 1) , u(x, 0) = u_0(x) , b > 0 u_x(0, t) = 0 , u_x(1, t) = ρ φ(z, ξ_0)(t) , ρ ∈ R \{0} , z(t) = ∫_1 0 u(x, t) dx (5)

φ : D(φ) ⊂ W^{1,1}(0, T ) × R → W^{1,1}(0, T ) play (z, ξ_0) ∈ D(φ) → φ(z, ξ_0)(·) E : R → 2^R s. th. D(φ) = { (z, ξ_0) ∈ W^{1,1}(0, T ) × R | | ξ0 ∈ E(z(0)) }

ξ E(z(0))

z z(0)

Quadratic constraints:

(A1) : 0 ≤ φ̇(z, ξ_0)(t)ż(t) ≤ (ż(t))^2 ∀ z ∈ W^{1,1}(0, T )

(A2) : κ = −1, κ ∫_{t2} t_1 φ(z, ξ_0)(t)ż(t)dt ≥ −γ(z(0)) ∀ z ∈ W^{1,1}(0, T ) , γ(z(0)) ≥ 0

Interpretation as variational equation (1^′), (2^′): Y_0 := L^2(0, 1) ,

(u, v)_0 :=

∫_1 0 u(x)v(x)dx , ∀ u, v ∈ L^2(0, 1) Y_1 := W^{1,2}(0, 1)

(u, v)_1 :=

∫_1 0 (u(x)v(x)+u^′(x)v^′(x))dx, ∀ u, v ∈ W^{1,2}(0, 1) A ∈ L(Y_1, Y_{−1}) is given by (Au, v)_{−1,1} := ∫_1 0 (Au)(x)v(x)dx = − ∫_1 0 (u^′(x)v^′(x) + bu(x)v(x))dx, ∀ u, v ∈ W^{1,2}(0, 1) � := R , B ∈ L(R , Y_{−1}) is defined by (Bξ, v(x))_{−1,1} = ρ ξv(1) , ∀ ξ ∈ R , ∀ v ∈ W^{1,2}(0, 1) ⇒ B = [ρ δ(x − 1)] , δ-Dirac’s distribution Z := R , C ∈ L(Y_0, Z) is given by Cu := ∫_1 0 u(x)dx , ∀ u ∈ L^2(0, 1) ∃ ε > 0 (Au, u)_{−1,1} ≤ −‖u^′(x)‖^2_0 − b‖u‖^2_0 ≤ −ε‖u‖^2_1 − b‖u‖^2_0 , ∀ u ∈ W^{1,2}(0, 1) ⇒ (A3), (A4), (A5)

Frequency domain condition: χ(s) = C~u(·, s) , s ∈ C , transfer function ~u(·, s) is the solution of the ordinary BVP (b + s)~u = ~u_{xx} , ũ_x(0, s) = 0 , ~u_x(1, s) = 1 (6) ⇒ ~u(x, s) =^{cosh x} √ s+b √ s+b sinh √ s+b , s ∈ C \{−b} ⇒ χ(s) = ρ ∫_1 0 ũ(x, s)dx = ρ s + b (A6) : ∃ τ ≥ 0 ∃ δ > 0 ∀ ω ∈ R : Re {χ(iω) + 1 −^τ_{iω} χ(iω)} ≥ δ | χ(iω) |^2 Re χ(iω) =^{ρb}_{b2+ω2} , | χ(iω) |^2 =^{ρ2}_{b2+ω2} Im χ(iω) = −^{ρ ω}_{b2+ω2} (A6) ⇐⇒ ∃ τ ≥ 0 ∃ δ > 0 ∀ ω ∈ R : ρb b^2 + ω^2

+ 1 + τρ b^2 + ω^2 ≥ δρ^2 b^2ω^2 ⇔ b ρ + b^2 ρ^2 + τ ρ > 0 .

Stationary set of (5): 0 = û_{xx} − bû , x ∈ (0, 1) û_x(0) = 0, û_x(1) = ρ φ(ẑ, ξ̂ ), ẑ =

∫_1 0 û(x)dx (7)

⇔ û(x) =^{cosh} √ b x √ b sinh √ b ρ φ(ẑ, ξ̂ ), ẑ = ∫_1 0 û(x)dx ⇔ ẑ = ρ b φ(ẑ, ξ̂ ) = ρ b ξ̂ û(x) =^{cosh} √ b x √ b sinh √ b ρ ξ̂ (8) ξ M ξ =^b_ρz , b ≠ ρ (ẑ_∞, ξ̂_∞) = (_ρ ρ−b,^ρ_{ρ−b} − r ) −r r z ξ = z − r ξ = z + r Intersection of ξ =^b_ρz with the graph of the hysteresis

û

ξ̂_∞ρ √ b sinh √ b

1 x Continuum of stationary temperature fields for the rod

Comparison with the generalized Popov criterion for absolute stability:

φ(z, ξ) = ϕ(z) ≡ z “nonlinear” function Frequency-domain condition:

∃ τ ≥ 0 ∀ ω ∈ R : 1 + Re [(1 + iωτ) χ(iω)] > 0 . ⇔ 1 +^{ρ b}_{b2+ω2} + τ^{ρ ω2}_{b2+ω2} > 0 ⇒ absolute stability of (5) as variational system, i.e. each solution {y, ξ} belongs to W(0, ∞) × L^2(0, ∞; �) ⇒ |y(t)|_0 → 0 as t → ∞ , ŷ = 0 the unique stationary state trajectory.