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1. Introduction

The notion of a cocycle is a generalization of a dynam-
ical system. Introduce basic notions from the cocycle
theory ([P. Kloeden, B. Schmalfuss, 1997]).

Let (Q,d) be a metric space called the base space.
The pair ({7'},.z,(Q,d)) where 7t : Q — Q for each
t € R is called the base flow if

O .
T = 1dg,
ttoTs = 715 Vt, s € R. (1)

Let (M,p) be other metric space called the phase
space.

Definition 1 The pair ({got(q,-)}teRJﬂqu,(M,p))

where ¢'(q,-) : M — M for eacht € Ry,q € Q is called
a cocycle over the base flow ({t'},.g,(Q,d)) if

e (q,) = o' (7°(q), ¥*(q,-)) Vg € Q, Vt,s € Ry. )
2

For brevity the cocycle ({¢!(q, )}ier, g0 s (M, p)) over
the base flow ({7'},.x,(Q,d)) will be denoted (¢, ).

Define the space W = @ x M and the family of map-
pings S : W — W, t € Ry, S'(q,u) = (7'(q), ¢'(q,u)).
The dynamical system ({S'},cg, , (W, p)) is called the
skew product, where

p((q1,u1), (g2,u2)) = max{p(u1,u2),d(q1,q2)}



A nonautonomous set C = {C(q)},c, is the mapping

Q — 2M . A nonautonomous set is called bounded
(closed, compact) if for any ¢ € @ the set C(q) is
bounded (closed, compact) in M.

A bounded C is called globally B-pullback absorbing
set for (¢, 1) if for any ¢ € Q and any bounded set B C
M there exists a T' = T'(q, B) such that ¢!'(77(q,B)) C
C(q) fort > T.

A nonautonomous set C is called globally B-pullback
attracting for (o, 7) if for any ¢ € Q and any bounded
set BC M

lim dist(o"(17(9), B),C(q)) =0,

t——+o0

where dist is the Hausdorff semidistance in (M, p).

A nonautonomous set C is called invariant (positively
invariant) for (p,7) if for any ¢ € @Q and t > 0 the

equality ¢'(q,C(q)) = C(7*(q)) (inclusion ¢'(q,C(q)) C
C(7%(q))) holds.

Definition 2 A nonautonomous set is called a global
B-pullback attractor for the cocycle (p,T) if it is com-
pact, invariant and is globally B-pullback attracting.

For the proof of existence of a B-pullback attractor
we will use the Kloeden-Schmalfuss theorem:

Theorem 1 Let the cocycle (p,7) have a compact
globally B-pullback absorbing set C = {C(q)}qu.



Then (p,7) has a unique B-pullback attractor A =
{A(@)},cq, Where for each q € Q

A(q) = Nier, Us>t,ser, 0°(775(q), C(T75(q)).

2. Existence of a B-pullback attractor for the
1-dimensional microwave heating problem

The derivation of 1-dimensional case is given in [H.-M.
Yin et al., 2006].

Consider the initial-boundary problem

wtt—wwx+0((9)¢tzo, O<£U<1, t>0 (3)

0; — Opx = o (0) Y2, O<z<1l, t>0
6(0.0) = i) (L) = fo(t), >0
0 (0,t) =6(1,t) =0, t>0

lb(xao)=¢o($)>¢t(fﬂao):¢1($), O<a <1 (5)
0 (x,0) =60 (x), O<z<1

Physical meaning: 6 - temperature, ¢ - time integral
of the nonzero component of electric field, o - elec-
tric conductivity, fi1, fo - external perturbations of the
electric field.

[H.-M. Yin et al., 2006]: Suppose that

(Al1l.1) o is locally Lipschitz on (0, +4o00);



(A1.2) There exist constants 0 < ogg < o1 such that o9 <
o(z) < o1 for any z > 0;

(A1.3) o is monotone decreasing.

(A2) @DO S L2(071)7¢1 S L2(071)790 S L2(071)7HO Z 0
a.e. on (0,1).

(A3) f1, fo are C%(R) and there exists a constant ¢ such
that the functions |fi|,|f5l,|f{|,|f5| are bounded
on R by ec.

Weak solutions are defined in [H.-M. Yin et al., 2006]
by an integral identity.

Modification of the theorem from [H.-M. Yin et al.,
2006] for 1-dimensional case:

Theorem 2 For any T > 0 there exists a global weak
solution (¢Y(x,t),0(x,t)) of the problem (3)-(5) such
that ¢ € C([0,T]; L?(0,1)), 6 € L?(0,T; H*(0,1)) N
C([0,T]; L?(0,1)).

(A4) The weak solution is unique.

Denote f(x,t) = f1(t)(1 — x) + fo(t)x and WV(x,t) =
Y(xz,t) — f(x,t) and get the system with homogeneous
boundary conditions, i.e.

V=T — f, O<z<1l, t>0
T =WV, —o(6)T, O<zxz<l1l, t>0 (6)
et_exl’:a(e)(wt_l_ft)Q: O<ZC< 13 t>o



with initial and boundary conditions

W(0,t) = W(1,t) =0, 6(0,t)=0(1,t)=0, ¢>0
(7)
W(z,0) = Wo(x) = yYo(x) — f(x,0), O0<z<1
T (x,0) = To(z) = ¢¥1(z) — fi(z,0), O0<z <1 (8)
0(x,0) =6 (x), O<x <1

Transformed assumption (A2):

(A2’) Wo € H(:)L(Oa 1)7T0 S L2(07 1)700 S L2(07 1)790 >0
a.e. on (0,1).

Introduction of the cocycle corresponding to
the problem (6)-(8). Define the metric space
M = H&(O, 1) x L?(0,1) x (L?(0,1) N {0 : 6 > 0}) with
the norm

IOV, 015 = 1WallZeo1y + 1172001y + 161175 0.1)-
In our situation: Q =R, 7(s) =t + s,

@t(sa UO) — U(t + S, S, U’O)a

where u(t,s,ug) = (W(,t),T(,t),0(,t)) is the so-
lution of (6)-(8) such that wu(s,s,ug) = wg =
(Wo, To,00).

From existence and uniqueness of the solution we con-
clude ([I. Ermakov, Y. Kalinin, V. Reitman, 2011]):

Theorem 3 The system (6)-(8) generates a cocy-
cle ({¢'(s, ) her, ser» (M, |I|lp)) over the base flow

({Tt}teR ,R).



Proof of the existence of an absorbing set - combina-
tion of two techniques:

e Lyapunov function for the 1st block (damped
wave equation);

e monotonicity methods for the 2nd block (heat
equation).

Damped wave equation. Consider the initial-
boundary problem for the wave equation separately:

th_wxm+o-(:c7t)wt — ftt_a(x7t)ft7 O < X < 17 t > S
(9)
W(0,t) = W(1,t) =0, t>s (10)

W(x,s) = Wo,Wy(z,s) =V, O0<z<1 (11)
where s € R. Here o(z,t) is a certain function.

Assumptions that are a transformation of (A1)-(A3):

(A1.2*) There exist constants 0 < og < o1 such that og <
o(x,t) <oy for all z € (0,1),t > 0.

(A2%) W, e H}(0,1),W; € L?(0,1).

(A3*) The function f(x,t) is C! in &, C? in t and there
exists a constant ¢ > 0 such that |fi| < ¢, |fzt] < ¢,
|fir| < c for any xz € (0,1),t € R.




Under the above assumptions the problem (9) has a
unique solution (W(-,t),W(-,t)) € M1 = H}(0,1) x
L?(0,1) [R. Temam, 1993]. For (W,T) € M; define

2 2 2
(W, T)HMl — ||WmHL2(o,1) + HTHL2(O,1)

Write the equation (9) as a system

Wt:’T—ft,

Ty = W,y — o(z, )T (12)
with boundary and initial conditions
W(0,t) =W(1,t) =0, t>s (13)

W(zx,s) = Wo(x), T(x,5) = To(x), O<z<1l (14)

Proposition 1 For any t > 0 there exist T >0, ¢> 0
such that ||(W(-,t;5), T(-,t;8))|ly, <c foranys<t-T.

Idea of the proof: Lyapunov functional on M;

VW, T) = [[Wa|[* 4+ 22V, T) + || T|?

where X > 0 is a parameter. ||| and (-,-) are in
L2(0,1).

Denote V(t) =V (W(-,t), T(-1)).

We prove that there exist § > 0 and ¢; > 0 such that

d

V(t) < eIV (s) + e,
for any t,s, t > s.



The nonlinear heat equation (2nd equation of (6)).

General setting ([A.A.Pankov, 1983] - boundedness
and almost periodicity in time of solutions of varia-
tional inequalities):

E C H C FE', where (E,|||g) is a reflexive Banach
space, H is a Hilbert space, E’ is the space dual to
E, E is continuously and densely embedded into H.
A(t) : E — E’ is a family of monotone operators and
F : R — E' is a measurable function . The operator
A(t) : E — E' is called monotone if

(A(H)u — A(t)v,u —v) >0, Yu,v € E.

(-,-) - duality pairing on E x E’, coinsiding on E x E
with the scalar product in H.

Consider the evolution equation
w4+ A()u = F(&). (15)

Suppose that there is an o« > 0 such that
(AWu — A()v,u —v) > allu—v||* Yu,v e E. (16)

Define the following function spaces:

e (v(R, F) is the set of continuous functions f : R —
E, for which supscg || f(¢)| g if finite and

e BSP(R,E),1 <p< oo isthesubspacein L} (R, E),
consisting of functions with finite norm

t+1
I £I2, = sup (/ ||f(s)||§;ds) |
teR t



Consider the heat equation in the form

01 — 020 = 0(0)g(x,1).

Suppose that g(x,t) > 0 is measurable and uniformly
bounded in t. We have g(z,t) = (W(z,t) + fi(z,t))?.
For o the assumptions (A1.1)-(A1.3) hold.

0(0) = oo + 5(0), where oo is from (A1.2). We get
the initial-boundary problem

9t—9$$_5—(9)g(x7t) :O-O.g(xat)7 O<z < 17 t>s

(17)
0(0,t)=60(1,t) =0, t>s (18)
0(x,s) =60g(x), O<z<l. (19)

The initial-boundary problem (17)-(19) generates
an evolution equation (15), where A(t)u = —u” —
g(z,t)o(u) for u € E and F(t) = oog(-,t).

In our situation E = H}(0,1) and H = L?(0,1). Check
condition (16). Let u,v € H}(0,1), ( =u —wv. Then

(A(BD)u—A(t)v, u—v) = (=¢",O)+(g(, 1) (F(v)—5(u)), () =
= (¢, ¢) + (g, ) (B W) — 5(u)), ) > <)

By [A.A. Pankov, 1983]:

1. The equation (15) has a unique solution u €
BS?(R, H3(0,1)) N Cy(R, L?(0,1)). For the equa-
tion (17) this means that there exists a constant
c1 such that ||0(-,¢;s)|| < ec1 for any t,s e R, s <'t.



2. We have the estimate

101(-,t;8) — 02(-, t; 8)|| < e =% ||6p1 — 602, (20)

where 60;(x,t;s) is the solution of (17) with initial
data 6p; and initial time s.

The constant ¢; does not depend on initial data:

1 t 1
O(a,t;5) = / Gz, ; t, 8)00(y)dy+ / / G,y t,1)g(y, r)drdy,
0 S 0

where G(x,y;t,r) is the corresponding Green's func-
tion,

c3
Vit—s

The influence of initial data tends to zero.

1G(z,y;t,9)| <

We can make the initial time s tend to —oo, which
correspons to time shift in g(z,t).

Proposition 2 Let 0(-,t;s) be the solution of (17)-
(19). There exists a constant ¢ such that for all t and
s <t the inequality ||0(-,t; s)|| < ¢ holds where ¢ does
not depend on 6g.

From uniform boundedness in s of solutions of the
wave equation and the heat equation we obtain

Theorem 4 The cocycle (o, T) generated by problem
(6) — (8) has a globally B-pullback absorbing set.

Applying the Kloeden-Schmalfuss Theorem, we get



Theorem 5 (I. Ermakov, Y. Kalinin, V. Reitmann,
2011) The cocycle (¢, T) generated by problem (6) —
(8) has a global B-pullback attractor.

3. Determining functionals for cocycles

The concept of determining functionals for evolution
equations was introduced in [I.D. Chueshov, 1998].
Physical meaning: asymptotically finite-dimensional
dynamics.

If the system has a global attractor, such functionals
can give an approximation of the attractor.

Let ({S'}ier, » (B, |I-[)) be a dynamical system on Ba-
nach space (E, |||])-

Definition 3 The set {lj}jy:]_ of linear continuous

functionals on E is called a set of asymptotically
determining functionals for the dynamical system
({S*}ier, » (B, [I-])) if for any ui,uz € E the condition

Jim 1;(S*(u1)) — 1;(S*(u2))| =0, j=1,..,N
implies

lim ||S*(u1) — S*(u2)|| = 0.

t——+o0

Introduce the determining modes which are an impor-
tant case of determining functionals.

Definition 4 The determining modes for the dynam-
ical system ({S'},cg,,(H,(:,-))) on a Hilbert phase



space (H,(-,-)) are determining functionals 1;(:) =
(-,e;) where {ej}jlv are some elements of H.

The notion of pullback- asymptotically determining
functionals for processes was introduced in [J.A.
Langa, 2003]. We give a generalization for cocycles.

Next we present the results from [I. Ermakov, Y.
Kalinin, V. Reitmann, 2011].

Definition 5 The set {lj}j.vzl of linear continuous

functionals on Banach space (M, |-||) is called a set
of pullback- asymptotically determining functionals for
the cocycle ({¢'(q;)}yeqier, » (M, |I-I)) over the base

flow ({7'},cr, (Q,d)) if the condition
Jim 10 (7 (@), u)) = (' (7 (@), u2))| = 0
for any q € Q, ui,up € M, 3 =1,..,N implies
Jim ' (77" (@), u1) — ' (7 (q),u2)|| = 0.
Let (¢,7) be a cocycle with a Hilbert phase space

H, m is a projector from H onto a finite-dimensional
subspace of H, m» is its complement. Suppose that

(H1) The non-autonomous set {C(q)},o is positively
invariant for (¢, 7).

(H2) For any g € Q there exists § = 6(q) € (0,1) such
that for all s > 1,u,v € C(7%(q))

[(m2) (' (77 (@), u) — (77 (@), v)) || < 8(q) ||u— ]



Let a1,a2 : Q — H be such mappings that a;(q) € C(q)
for any q € Q.

(H3) For any € >0, t > 0 there exists an L = L(e) € N
such that for any ¢ € Q

5(0)? || (g, a1(q)) — ¢ (g, a2(a))||* < &,
and L(e) — o if e — 0.

The next theorem is a generalization of Theorem 14
in [J.A. Langa, 2003]

Theorem 6 Let the assumptions (H1)-(H3) hold and
there exists a 3 > 0 such that for any q € Q

tﬂToo H?Tl(SOt(T_t(CI)a a1(q)) — ' (7" (q), ag(q)))H < B.
T hen

Jim |’ (77(@), a1(q)) — ' (77(q), a2(q)) || < B. (21)
Corollary 1 Let there exist a 3 > 0 such that for all
q€Qu,veH

Jim |71 (" (77 (q), u) — ' (7 (q), v))|| < B
T hen

Jim ¢ (7 (@), u) — ' (=7 (@), v)|| < B.

This corollary gives the existence of pullback- asymp-
totically determining modes for a cocycle.



Now consider cocycles of a special type. Such cocy-
cles are generated by the microwave heating problem.

Let (p,7) be a cocycle with phase space £ = E7 X
E> where FE7 is a Hilbert and E» is a Banach space,
respectively.

@ has the form (¢1,92), i.e.
¢1IR+XQXE1XE2—>E1,

@21R+XQXE1XE2—>E2.

Let w1 be the projector from FE; onto a finite-
dimensional subspace of E;, 7 be its orthogonal com-
plement.

Let a1,a> : Q — E be such mappings that a;(q) € C(q)
for any q € Q.

Modify assumptions (H2) and (H3) so that they hold
for 1 instead of .

(H2*) For any g € Q there exists 6 = §(q) € (0,1) such
that for all s > 1,u,v € C(7%(q))

Im2(el (77 (a), u) — 1 (77(a), )| 5, < 6(a) [lu — vl 5.

(H3*) For any € > 0, t > 0 there exists an L = L(e) € N
such that for any g € Q

5(0)?! ||t (g, a1(a)) — ¢ (g, a2(a))|[}, <e.

and L(eg) — o if e — 0.



Theorem 7 Suppose that

1) The assumptions (H1),(H2*),(H3*) hold for the
cocycle (p, ).

2) The estimate

b (@), w1, u2) — b (77 (@) o1, v2) | < e uz — vall

holds with some constant ¢ > 0 for any t > 0, ui,v1 €
En, uz,vo € Eo.

3) There exists a 8 > 0 such that for any q € Q

dim |7 (7 @), a1 (@) = ¢ (7 (@), az(@)) |, < B

T hen

m [¢'(77(@), a1(9)) — ' (77 (@), a2(a)) || , < B-
(22)
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