Plastic wrinkling and flutter in sheet metal spinning

Volker Reitmann and Holger Kantz

Max-Planck-Institut für Physik komplexer Systeme Nöthnitzer Str. 38, D 01187 Dresden, Germany

March 20, 2001

Abstract

In this report a short mathematical and mechanical description of the sheet metal spinning process is given. The representation is based on nonlinear shell theory, elasto-plastic material laws and perturbation theories. Various plastic buckling and plastic flutter situations are analyzed. The influence of the angular velocity of a spinning disc on the plasticity process is investigated.

1 Introduction

In this report we discuss some mathematical and mechanical basic problems arising in the investigation of instabilities in metal spinning processes. Plastic and dynamical wrinkle formations in metal forming processes for quasi-static deformations such as deep-drawing are intensively investigated in the last time ([2, 7, 8, 29, 33, 39, 55, 57, 58, 59, 60]). The central theoretical approach is based on bifurcation functionals which go back to Hill and Hutchinson ([24, 25]). In most of these investigations it is assumed that the forces are conservative. Inertia forces and general gyroscopic forces are not considered. A next step in the characterization of bifurcation effects in solid mechanics was done by Klyushnikov ([34]). The central part in this theory is the investigation of uniqueness of homogenous variational problems. In a number of papers the energy method is used to guarantee that the considered regular deformation remains stable ([39]). The idea is that for the formation of plastic wave structures a minimal membrane energy is necessary. For the spinning process the energy method is used by Kobayashi ([35]) in order to derive sufficient conditions for suppressing of wrinkling.

The plastic wrinkling problem for spinning processes is in general a non-conservative dynamical problem. The bifurcation scenario is richer than in the static case. In the present report we describe the qualitative nature of the spinning process as mechanical contact problem. We discuss some basic bifurcation mechanisms which occur in the general and complex bifurcation scenario. The main consequence of this discussion is that the loss of stability in a spinning disc is possible either as static (plastic) buckling (divergence instability) or as dynamic (plastic) buckling (flutter instability). In order to see which type of stability loss occurs, a free boundary value problem has to be solved. It remains to show (using center manifold theory or Lyapunov-Schmidt reduction) that the linear bifurcation results are applicable for the full nonlinear buckling problem. Important for this is the property that the multiplicity of the critical eigenvalue of the linearized problem for annular plates or curved shells is finite.

The report is organized as follows. In Ch.2 we give a mathematical and mechanical description of the spinning process. Basic equilibrium equations are derived from the large deformation theory in continuum mechanics (Sect.2.1). In Sect.2.2 elasto-plastic material laws are introduced. Using the von Mises-plasticity approach in Sect.2.3 we investigate the influence of the angular velocity on the plastification of a spinning disc. In the same section the minimal stress intensity necessary to plastify an annular disc is estimated. For the full mechanical model of the spinning process the friction between roller and rotating blank has to be described. A general friction theory based on the plasticity approach is introduced in Sect.2.4. Using this friction theory, the large deformation theory from Sect.2.1 and the elasto-plastic material laws from Sect.2.2 we derive in Sect.2.5 the principal contact problem of sheet metal spinning as a free boundary-value problem. The last two sections of Ch.2 are devoted to the linearization of this contact problem and a short characterization of the influence of temperature on the deformation process.

The central bifurcation results are presented in Ch.3. In Sect.3.1 we give a short introduction in plastic bifurcation theory which goes back to Hill ([24]) and Klyushnikov ([34]). This general approach is applied to plastic plate wrinkling in Sect.3.2. In Sect.3.3 we analyze some model buckling situations which are important for the spinning process. The estimation of critical stresses for loaded plates and the representation of concentrated loads are considered in Sect.3.4 and Sect.3.5. In Sect.3.6 we characterize the different ways of loss of stability in the spinning process. Since the system is in general non-conservative, generically the loss of stability is associated with plastic buckling (divergence instability) or (and) plastic flutter (plastic Hopf bifurcation). This characterization depends on the multiplicity of the critical eigenvalue of the bifurcation equation. The most dangerous situation for the spinning process is the combined form "divergence-flutter" of stability loss. Although this is a non-generic bifurcation it shows the theoretical sources for chaotic in time and fractal in space behaviour ("turbulence" in elasto-plastic material).

In the last chapter we continue the mathematical description of the spinning process as large non-symmetric deformation of nonlinear shells under concentrated loads. This model contains all possibilities for further bifurcation analysis of the spinning process.

2 The spinning process as contact problem

2.1 Basic facts from finite-deformation theory

The wrinkling formation in metal spinning is a global deformation process depending on time. For the geometrical description of this dynamical process are strongly nonlinear deformation ([14, 40]) and shell theories ([47, 56, 15]) necessary. For a short description we use the representation from [14].

Suppose that the deformation is a one-parametric family of maps {Φ^t}_{t∈[0,T ]} defined on an open set Ω ⊂ R^3 as

Φ^t : Ω → R^3 . (2.1)

In local coordinates the map (2.1) can be written as

x^i = x^i (_{∘ 1} x ,^{∘ 2}x ,^{∘ 3}x , t ) , i = 1, 2, 3 , t ∈ [0, T ] . (2.2)

Let us assume that an orthogonal basis e_1, e_2, e_3 is introduced in R^3 . The deformation tensor F^t in the point (_{∘ 1} x ,^{∘ 2}x ,^{∘ 3}x ) with respect to this basis is defined by

F^t = ∂x^i ∂^{∘ j}x e_ie_j . (2.3)

(Here and in the following Einstein summation convention is used.)The adjoint to this tensor is (F^t)^∗ = ∂x^i ∂^{∘ j}x e_j e_i . Important metric information about the deformation process contains the tensor ∘_t Λ = √ (F^t)^∗ · F^t . (2.4)

The eigenvalues λ^t_i of^{∘ t}Λ are the singular values of the deformation tensor. Thus, if B_ε is a small ball of radius ε in R^3 then the image F^t(B) is an ellipsoid with half-lengths λ^t_iε (i = 1, 2, 3) and the volume vol_3(F^t(B)) = J^tvol_3(B) , where J^t = λ^t_1λ^t_2λ^t_3.

Suppose that S ⊂ Ω is a small surface with outer normal n(x) in the point x ∈ S and S^′ is the surface after deformation under F^t . Then the force acting on a small part dS^′ from the positive normal side is defined by σ^i_j (x)n_idS, where n_i are the components of n(x) and σ^i_j is the first Piola-Kirchhoff tensor. If the columns of ( ∂x^i ∂^{∘ j}x ) are linearly independent we can write σ^i_j = σ^{il ∂xl}_{∂ ∘ jx} . The so defined tensor σ^{il} is the second Piola-Kirchhoff tensor (we identify the components of the tensor in the fixed basis with the tensor).

Assume now that the map (2.2) has the representation

x^i =^{∘ i}x + u^i(^{∘ 1}x ,^{∘ 2}x ,^{∘ 3}x , t) (2.5)

where u^i is a smooth displacement function. Introduce the small strain tensor e_{ij} by e_{ij} = 1 2 ( ∂u_i ∂^{∘ j}x + ∂u_j ∂^{∘ i}x ) (2.6) and the Lagrange strain tensor ε_{ij} by

ε_{ij} = e_{ij} + 1 2 ∂u_k ∂^{∘ i}x ∂u_k ∂^{∘ j}x . (2.7)

If the deformations are small we can assume^{∘ i}x = x^i and^∘∇ = ∇ and the equilibrium equation with body forces f_j and material density ρ can be written as ∂σ_{αj} ∂x^α + ρ ( f_j − ∂^2u_j ∂t^2 ) = 0 . (2.8)

Let us suppose now that our system is described in curvilinear coordinates, i.e. the cartesian coordinates of any point can be written as x^i = x^i(ξ^1, ξ^2, ξ^3), where (ξ^1, ξ^2, ξ^3) ∈ G. Suppose that R_i =^{∂xj}_{∂ξi} g_i where g_1, g_2, g_3 are the basis vectors with respect to the coordinate lines. Then g_{ij} = R_i · R_j defines the metric tensor, ϵ_{ijk} = R_i · (R_j × R_k) resp. ϵ^{ijk} = R^i · (R^1 × R^k) are the Levi-Cività tensors and

Γ^k_{ij} = 1 2 ( ∂g_{il} ∂ξ^j + ∂g_{jl} ∂ξ^i − ∂g_{ij} ∂ξ^l ) g^{lk} (2.9)

are the Christoffel symbols.

The second (symmetric) Kirchhoff-Piola tensor in curvilinear coordinates can be written as Jσ^{αβ ∘}R_α^∘R_β . (∘ denotes the computation in the undeformed part of the body.)

Now we can define the contravariant differentiation procedure through u_{j,i} ≡ ∇_iu_j = ∂u_j ∂ξ^i − Γ^k_{ij} u_k and (2.10)

u^j_{, i} ≡ ∇_iu^j = ∂u^j ∂ξ^i + Γ^j_{ki}u^k .

The small strain and finite strain tensors are given through e_{ij} = 1 2 (∇_iu_j + ∇_ju_i) (2.11) and ε_{ij} = 1 2 (g_{ij} −^∘g_{ij} ) = e_{ij} − 1 2 g^{αβ} ∇_iu_α∇_j u_β . (2.12)

2.2 Constitutive law It is assumed that the material of the blank is elastic-plastic. The plasticity domain K on the blank is defined as {σ^{ij} : H(σ^{ij} ) ≤ 0} where H is a given scalar function (yield function). Note the following two important examples:

a) von Mises material: H(σ^{ij} ) =^1_2 s^{ij}s_{ij} − k^2 with s^{ij} = s_{ij} = σ^{ij} −^1_3 δ^{ij} σ^{kk} as deviator of σ^{ij} and k ≠ 0 is a constant. b) Tresca material: H(σ^{ij} ) = max |σ_i − σ_j | − k where the maximum is computed over all eigenvalues of the tensor σ^{ij} and k > 0 is again a constant.

We assume that the total strain is at any point of the body the sum of an elastic part and a plastic part, i.e.

ε_{ij} = ε^e_{ij} + ε^p_{ij} . (2.13)

The elastic part is computed by the generalized Hooke’s law

ε^e_{ij} = L^e_{ijkl} σ^{kl} (2.14)

where L^e_{ijkl} is the elastic deformation tensor. For the plastic part we have ε^p_{ij} ≠ 0 if and only if H(σ^{ij} ) ≤ 0. In the deformation theory the computation rule for ε^p_{ij} is

ε^p_{ij} = 1 2μ √_1 2 s_{ij} s^{ij} − k √_1 2 s_{ij}s^{ij} (2.15)

where s_{ij} is again the deviator stress and μ is a material constant. In the flow theory (which includes the history of the material) we set

ε̇^p_{ij} = λ ∂Y ∂σ^{ij} (2.16)

where λ is a factor of proportionality and Y is a given potential. If the flow rule is used we can write

ε̇_{ij} = ε̇^e_{ij} + ε̇^p_{ij} . (2.17)

For further details about material laws see [25, 26, 34, 40, 43, 51, 19].

2.3 Plasticity zone in the spinning disc and in the annular disc Let us consider at first a circular disc of thickness h and density ρ rotating with constant angular velocity ω. The stability and deformation properties of a spinning disc are well understood ([10, 11, 12, 13, 16, 41]). Most of the investigations are concerned with elastic materials. In this subsection we demonstrate how the plasticity properties of a spinning disc depend on the angular velocity. The rotation is assumed around the z-axis. Suppose that (r, φ, z) are the cylindrical coordinates and τ_r and τ_φ are the non-zero Cauchy stress components which are defined (inertia effects are not considered) on the basis of (2.8) by the quasi-static differential equation ∂τ_r ∂ r + τ_r − τ_φ r = −ρ ω^2r . (2.18)

In order to describe the development of plasticity in the disc we have to solve a free boundary problem which is connected with the unknown boundary of the plasticity domain around the centre of rotation. We want to use the von Mises-plasticity law together with (2.13) possessing the yield condition

τ^2_r − τ_rτ_φ + τ^2_φ = k^2 (k = const) . (2.19)

The plasticity region can be written as ring 0 ≤ r ≤ r_∗. We want to applicate the deformation theory in order to describe the connection between Cauchy stresses and small strains e_r and e_φ, i. e.,

e_r = 1 − 2ν E τ + (1 + ν)Ψ E (τ_r − τ) , e_φ = 1 − 2ν E τ + (1 + ν)Ψ E (τ_φ − τ) . (2.20)

In the last formula τ =^1_3 (τ_r +τ_φ) is the averaged stress, Ψ = Ψ(r) is an unknown function, E is Young’s modulus and ν is Poisson’s ratio.

Suppose that the radius of the disc is r_0 and introduce the new variables ρ = r r_0

, τ_ρ = τ_r k and τ_φ := τ_φ k (2.21)

and the constants a = r_∗ r_0 , α = E k and λ = ρ ω^2r^2_0 k . (2.22)

It follows that equation (2.18) transforms to the equilibrium equation ∂τ_ρ ∂ρ + τ_ρ − τ_φ ρ = −λρ , 0 ≤ ρ ≤ 1 , (2.23)

and (2.19) to the yield condition

τ^2_ρ − τ_ρτφ + τ^2_φ = 1 . (2.24)

Taking the ansatz (see [3])

τ_ρ = 2 √ 3 cos ( Φ + π 6 ) , τ_φ = 2 √ 3 cos ( Φ + π 6 ) (2.25)

with the unknown function Φ = Φ(ρ) we see that (2.24) is automatically satisfied and (2.23) transforms to the ODE problem ρ d Φ dρ = λρ^2 √ 3 2 − sin Φ sin(Φ +^π_6 )

(2.26) with initial condition τ_ρ = τ_φ for ρ = 0. In addition to (2.26) we have to satisfy on the whole disc the compatibility condition ∂ e_ρ ∂ρ + e_φ − e_ρ ρ = 0 , (2.27)

which guarantees the continuity of the solutions. Equation (2.27) is equivalent to the linear ODE problem

1 + ν 2α √ 3 ( √ 3 sin ω + cos ω) dΨ dρ + Ψ [ 1 + ν αρ sin ω + √ 3 2 dΨ dρ (√ 3 cos ω − sin ω )] = = 1 − 2ν √ 3α sin ω dΨ dρ . For the determination of stresses in the elastic domain a ≤ ρ ≤ 1 we use Hooke’s law (2.14) in the form

e_ρ = 1 2 (τ_ρ − ντ_φ) , e_φ = 1 2 (τ_φ − ντ_ρ) . (2.28)

A necessary condition for the solution results in ∂τ_ρ ∂ρ − ν ∂τ_ρ ∂ρ + (1 + ν) τ_φ − τ_ρ ρ = 0 (2.29)

together with the initial condition τ_{ρ|ρ=1} = 0. This gives, with an arbitrary constant C ∈ R, the general solution

τ_ρ = C ( 1 − 1 ρ^2 ) + λ(3 + ν) 8 (1 − ρ^2) ,

τ_ρ = C ( 1 + 1 ρ^2 ) + λ 8 [ 3 + ν − (1 + 3 ν)ρ^2] . (2.30)

For ρ = a(ρ) we have to guarantee the continuity of the radial and tangential stresses. The last property implies the free boundary condition C ( 1 − 1 a^2 ) + λ(3 + ν) 8 (1 − a^2) = 2 √ 3 cos ( Φ(a) + π 6 ) , C ( 1 + 1 a^2 ) + λ 8 [ 3 + ν − (1 + 3ν)a^2] = 2 √ 3 cos ( Φ(a) − π 6 ) . (2.31)

From the nonlinear system (2.31) follows the existence of a solution C = C(λ, ν) , a = a(λ, ν) ([3]). Recall that λ is a linear function of ω^2 given by (2.22).

Using the property ρ = u_ρ ε_φ we can write our final result in the form

τ_ρ = C ( 1 − e^2_φ u^2_ρ ) + λ(3 + ν) 8 ( 1 − u^2_ρ e^2_φ ) , τ_ρ = C ( 1 + e^2_φ u^2_ρ ) + λ 8 [ 3 + ν − (1 + 3ν) u^2_ρ e^2_φ ] . (2.32)

Let us consider an annular plate of thickness h, of outer radius b and of inner radius a. Suppose that this plate is clamped at the inner edge with the outer edge free subjected to uniform radial compression p at the inner edges (Fig. 2.1)

Figure 2.1: The annular plate and the plastic and elastic domains

Figure 2.2: Stresses in the annular plate

For the exactness of the deformation theory it is in the following assumed ([36]) that a b ≥ 0.37 (2.33)

On the basis of the Lamé formula we can compute the tangential and radial stresses depending on the actual radius r by ([19])

τ_r = p a^2 b^2 − a^2 ( 1 − b^2 r^2 ) (2.34) and τ_φ = p a^2 b^2 − a^2 ( 1 − b^2 r^2 ) . (2.35)

(Fig. 2.2).

The stress intensity is ([36])

τ_{int} = 3β 4 (τ_φ − τ_r) (2.36) with β =^{2+} √ 3 2 . According to the von Mises-plasticity law it is possible to compute an inner plastic ring domain a ≤ r ≤ r_o and an outer elastic ring domain r_o ≤ r ≤ b. The value r_o characterizes the free boundary. Let us shortly consider two cases.

a) Elastic zone: τ^e_r = − 2E 3 A ( 1 r^2 − 1 b^2 ) , (2.37)

τ^e_φ = − 2E 3 A ( 1 r^2 + 1 b^2 ) , (2.38)

where τ^e_r and τ^e_φ with an arbitrary constant A are solutions of the equilibrium equation.

b) Plastic zone: τ^p_r = 4k 3β ( ln r a − κ ) , (2.39)

τ^p_φ = 4k 3β ( ln r a − κ + 1 ) (2.40)

with κ =^{3pβ}_{4k} . The continuity and compatibility conditions lead to τ^e_{r|r=ro} = τ^p_{r|r=ro} (2.41) and τ^e_φ − τ^e_r = 4k 3β . (2.42)

It is easy to see that the fully developed plastic annular ring is defined with a critical pressure

p_{cr} = 4k 3p ln a b . (2.43)

Recall that a_s :=^b_a is the spinning ratio in metal forming process.

2.4 Friction theory Frictional properties have to be considered when the tangential part of the motion is important in the response of two bodies coming into contact during the dynamic spinning process. For a short introduction into friction models we use the representation from ([46]) (see also [9, 17, 20, 28, 40]).

For two bodies Ω_1 and Ω_2 in contact define on one body Ω_1 the outward normal vector n at the point of contact. We separate the relative displacement u between the two bodies into the tangential and normal parts

u = u_T + u_N n , (2.44) where u_N = u · n and u_T = (id − n ⊗ n)u. Similarly, for the surface stress p we have p = p_T + p_N n , (2.45) where p_N is just the contact pressure.

The tangential relative velocity u̇_T is decomposed into the adherence part and the slipping part u̇_T = u̇^{ad}_T + u̇^{sl}_T . (2.46) Since the adherence stage is elastic, for simplicity we assume a linear elasticity law p_T = −ku^{ad}_T (2.47) where k is the elastic contact stiffness.

For the slipping part we define, as in plasticity, a simple evolution rule u̇^{sl}_T = − γ̇ ∂Ψ ∂p_T , (2.48) where the slip potential Ψ determines the direction of slip, and γ is a real function. The state of friction is determined by the slip function Φ and the loading and unloading conditions loading: Φ > 0 , γ̇ = 0 , unloading: Φ = 0 , γ̇ > 0 and Φ ≤ 0 ⇒ adherence, Φ > 0 ⇒ slipping.

For a general model of friction using this approach we define the frictional stress at the contact point F(p_N ) = μ|p_N |, where μ is the coefficient of friction. Then the slip function is Φ(p_T , p_N ) = ‖p_T ‖ − μ|p_N | (2.49) and, for isotropic friction, the direction of friction apposes slip, giving the slip potential as Ψ(p_T ) = ‖p_T ‖.

Figure 2.3: Blank and roller at time t

2.5 Large deformation dynamic elastic-plastic contact problem Let us consider the mechanical system "blank-roller" (Fig. 2.3) as a contact problem of two bodies A and B. Suppose that for any considered time t the whole body tΩ =^tΩ^A ∪^tΩ^B is the union of the two bodies and^tΓ = ∂^tΩ = ∂^tΩ^A ∪∂^tΩ^B = tΓ^A ∪^tΓ^B is their boundary.

For the large deformation elastic-plastic contact problems in R^3 the fundamental systems equation with typical boundary and initial conditions are the following ones ([46, 42]):

(i) Equilibrium equations

(σ^{kl}δ^i_l + σ^{kl}u^i_{, l})_{, k} + ρf^i = ρf^i_I + ρf^i_C + ρf^i_Z , (2.50) t ∈ (0, T ), x ∈^tΩ . (ii) Kinematic boundary conditions (prescribed displacements) u_i(x, t) = U_i(x, t), x ∈^tΓ_U =^t Γ^A_U ∪^tΓ^B_U , t ∈ (0, T ) . (2.51) (iii) Prescribed boundary forces

[σ^{kl}δ^i_l + σ^{kl}u^i_{, l}]n_k = F^i, x ∈^tΓ^B_F , t ∈ (0, T ) . (2.52) (n_1, n_2, n_3 components of n) (iv) Tangential frictional stress

σ^{ij} n_j − σ^{jk}n_jn_kn^i = F^i, x ∈^t Γ_F , t ∈ (0, T ) . (2.53) (v) Initial conditions

u_i(x, 0) = U_{0i}(x), u̇_i(x, 0) = U_{1i}(x) . (2.54)

In (2.50) ρ is the density of the material, f^i are body forces, f^i_J are inertia forces, f^i_C are Coriolis forces and f^i_Z denotes the centripetal forces:

f^i_C =_{(1)}△^{im}u̇_m ,_{(1)}△^{im} = 2ϵ^{inm} ω_n , (2.55)

f^i_Z =_{(2)}△^i_mu^m ,_{(2)}△^i_m = ϵ^{inl}ϵ_{mnk} ω_lω^k , f^i_J =

∂^2u^i ∂t^2 . (2.56)

Let us write for completeness the weak form of the equations of motion (2.50)which is needed in FE methods. This is done by taking the scalar product of the equations of motion and v − u̇, where v is an arbitrary test function: ∫ tΩ (σ^{kl}σ^i_l + σ^{kl}u^i_{,l})(v^i_{,k} − u̇^i_{,k})dV − ∫ tΓ_F F^i(v^i − u̇^i)dγ

− ∫ tΓ_U F^i(v^i − u̇^i)dγ − ∫ tΓ_F {F_N (v_N − u̇_N ) + F_T (v_T − u̇_T )}dγ

+ ∫ tΩ ρ_0(f^i_B − f^i_I − f^i_C − f^i_Z )dV = 0. (2.57)

The weak formulation (2.57) of the contact problem (2.50)-(2.54) is widely used in FE methods ([6, 9, 20, 30, 31]).

2.6 Pertubational equations of motion Let us introduce the following perturbations in the displacement and stress fields. For this we assume that the functions in the original equation (2.50) are indicated with ∼ :

ũ_m(x, t) =^{(o)}u_m(x) + u_m(x, t) , (2.58)

σ̃^{mn} =^{(o)}σ^{mn}(x) + τ^{mn}(x, t) +^{(o)} τ^{mn}(x, t) , (2.59)

ε̃_{mn} =^{(o)}ε_{mn}(x) + e_{mn}(x, t) +^{(o)}e_{mn}(x, t) , (2.60)

ε_{mn} = e_{mn}(x, t) +^{(o)}e_{mn}(x, t) , (2.61)

(o)σ^{mn}(x) = L^{mnkl}_{EP}^{(o)}ε_{kl}(x) , (2.62)

τ^{mn} = L^{mnkl}e_{kl} ,^{(o)}τ^{mn} = L^{mnkl (o)}e_{kl} , (2.63)

(o)ε_{mn} = 1 2 [_{(o)} u_{m,n} +^{(o)} u_{n,m} ] + 1 2 (o)u^l_{,m}^{(o)}u_{l,m} , (2.64)

e_{mn} = 1 2 [u_{m,n} + u_{n,m}] ,^{(o)}e_{mn} = 1 2 [_{(o)} u^l_{, m}u_{l, n} +^{(o)}u^l_{, n}u_{l, m} ] . (2.65)

Since the initial fields are static, the prescribed tractions, displacements and body forces take the form

f̃^p_B(x, t) =^{(o)}f^p_B(x) + f^p_B(x, t) , (2.66) F̃^i(x, t) =^{(o)}F^i(x, t) + F^i(x, t) , (2.67)

F^i(x, t) =^{(o)}F^i(x, t) + F^i(x, t) . (2.68)

In the terms of (2.58) - (2.68) equation (2.50) reduces to the following perturbational gyroscopic equations of motion (see [42])

(σ^{mn} +^{(o)}σ^{mn}u^p_{, n})_{, m} + f^p_B = ρ ü^p +_{(1)} △^{pm}u̇_m +_{(2)} △^i_mu^m , (2.69)

where σ^{mp} = τ^{mp} +^{(o)} τ^{mp} + τ^{mn (o)}u^p_{, n} +^{(o)} τ^{mn(o)}u^p_{, n}.

The boundary and initial conditions associated with (2.69) are given by

(i) u_i = U_i on Γ_U × (0, T ) , (2.70) (ii) σ^{mp}n_m = F^p on Γ_U × (0, T ) , (2.71) (iii) σ^{ij} n_j − σ^{jk}n_jn_kn^i = F^i on Γ_F × (0, T ) , (2.72) (iv) u_i(x, 0) = U_{oi}(x) , u̇_i (x, 0) = U_{1i}(x) on Ω . (2.73)

Note that the equations (2.69)-(2.73) define the canonical linearized system of a contact problem. Existence and stability properties of such systems are discussed in [17, 40, 42].

2.7 Thermal effects Let us show how to include the influence of the temperature field Θ(x, t) into material laws. It is known ([26]) that heat energy coming in our model from the friction process represents 15 - 20 % of the whole energy.

The govering equation for the temperature is the heat equation ∂Θ ∂t = k△Θ + w(u) (2.74)

depending on the actual displacement u of the system (2.50) (w is a certain nonlinear function) and satisfying certain boundary and initial conditions. If we have a smallstrain nonlinear elasto-plastic material law of the type

τ^{ij} =

2 Φ(e_{int})

3 e_{int}

(e_{ij} − eδ_{ij} ) + 3Keδ_{ij} (2.75) where e =^1_3 e_{ii}, e_{int} is the strain intensity, K is a constant and Φ is a nonlinear material function, the influence of Θ may be written as Φ = Φ(e_{int}, Θ) and (2.75) goes over into ([26])

τ^{ij} =

2Φ(e_{int}, Θ) 3 e_{int}

(e_{ij} − eδ_{ij} ) + 3K(e − α Θ)δ_{ij} (2.76)

where α > 0 is a certain parameter.

Note that the introduction of the temperature field into the system (2.50) has a positive influence on the stability properties of the whole system. This is connected with the special properties of the Laplace operator in equation (2.74).

3 Plastic buckling and flutter bifurcations in quasi-static problems

3.1 General buckling theory

Consider in R^3 the system

( A ) ε_{ij} = K_{ij} [u_k] in^tΩ , L_α [σ^{ij} , u_i , f^i] = 0 in^tΩ , α = 1, 2, . . . , L̃_β [σij , u_i , U_i , F i] = 0 on tΓ , β = 1, 2, . . . , (3.1)

where {ε_{ij} , σ^{ij} , u_k} are generalized strains, stresses and displacements, respectively. For any t we have with^tΩ and^tΓ denoted the time-dependent area and the associated boundary. We assume that (A) is a formal representation of the contact problem (2.50)-(2.54) considered as quasi-static system.

Assumption: All loads are dead loads, i.e., forces not depending on displacements.

Fix a time t_0 and consider the variational equation to (3.1)

( B ) δε_{ij} = K^0_{ij} [δu_k] in^{t0+δt} Ω L^0_α [δσ^{ij} , δu_i , δf^i] = 0 in^{t0+δt} Ω , α = 1, 2, . . . , L̃0_β [δσij , δu_i , δU_i , δf i] = 0 on t0+δt Γ , β = 1, 2, . . . . (3.2)

For the bifurcation analysis of (3.2) we assume that plastic wrinkling is associated with non-uniqueness of solution prolongation at t = t_0 ([24, 25]). Suppose for this that {ε̄_{ij} , σ̄^{ij} , ū_k} and {ε̄_{ij} , σ̄^{ij}, ū_k} are two solutions of (3.2) starting at t_0 in the same point. Compute the values △ ε_{ij} = ε̄_{ij} − ε̄_{ij} = δε_{ij} , △ σ^{ij} = σ̄^{ij} − σ̄^{ij} = δσ^{ij} , (3.3) △u_i = ū_i − ū_i and consider the following homogenous perturbational system

( C )

△ ε_{ij} = K^0_{ij} [△u_k] in^{t0+δt} Ω , L^0_α [△σ^{ij} , △u_i , 0] = 0 in^{t0+δt} Ω , L̃α_β [△σij , △u_i , 0 , 0] = 0 on t0+δtΓ , △σ^{ij} = { L^{ijmn}_e · △ε_{mn} in^{t0+δt} Ω_e (elastic part), L^{ijmn}_p · △ε_{mn} in^{t0+δt} Ω_p (plastic part).

(3.4)

It follows ([34]) that plastic wrinkling in (3.2) is possible if we show the existence of non-zero solutions (△ε_{ij} , △σ^{ij} , △u_i) of the problem (C) at a certain time t_0.

3.2 Plastic wrinkling of plates In this section we demonstrate some applications of the general bifurcation theory to plate buckling problems which are connected with the spinning process. For the description of the dynamics of a plate we need the averaged stresses (over the plate thickness)

N^{ij} = ∫_{h/2} −h/2 σ^{ij}dz , (3.5)

the bending moments

M^{ij} = ∫_{h/2} −h/2 σ^{ij} zdz (i, j ^= x, y) (3.6) and the shearing forces

Q^i = ∫_{h/2} −h/2 σ^{3i}dz . (3.7)

For simplicity we take the assumptions F^1 = F^2 = 0 with respect to the components of the forcing term. Denote by u_1, u_2 the in-plane displacements and by w the outof-plane displacements. It follows that the small stress tensor for the middle surface is ε_{ij} =^1_2 [u_{i,j} + u_{j,i}]. Assume the Kirchhoff-Love assumption for the plate, i.e., e_{ij} = ε_{ij} + zκ_{ij} , z ∈ [ −^h_2 ,^h_2 ] , i, j = 1, 2 (3.8)

where κ_{ij} = w_{,ij} (=^{∂2w}_{∂xi∂xj} in Cartesian coordinates).

Consider the force equilibrium equations

∂N^{11} ∂x + ∂N^{12} ∂y = 0,

∂N^{22} ∂y + ∂N^{21} ∂x = 0 ,

∂Q^1 ∂x + ∂Q^2 ∂y + N^{11}

∂^2w ∂x^2 + ( N^{12} + N^{21} ) ∂^2w ∂x∂y + N^{22}

∂^2w ∂y^2 = F^3 (3.9)

and the two moment equilibrium equations

∂M^{11} ∂x + ∂M^{12} ∂y = Q^1 , (3.10)

∂M^{22} ∂y + ∂M^{21} ∂x = Q^2 .

Excluding in (3.9), (3.10) Q^i and using the symmetries N^{ij} = N^{ji} and M^{ij} = M^{ji} we derive the system (see [34])

N^{ij}_{,j} = 0, M^{ij}_{,ij} + N^{ij} w_{,ij} = F^3 . (3.11)

We get in generalized coordinates N^{ij}, M^{ij} ("stresses"), ε_{ij} , κ_{ij} ("strains"), u_i (displacements) and material laws a generalized system (A) of Sect. 3.1. The perturbation system (B) with δF^i, δF^3, δN^{ij} , δM^{ij} , δW, δε_{ij} =^1_2 {δu_{ij} + δu_j i}, δκ_{ij} = δw_{, ij} (i, j = 1, 2) follows from (3.11) as

δN^{ij}_{, j} = δF^i , (3.12) δM^{ij}_{, ij} + N^{ij}δw_{, ij} + w_{, ij} δN^{ij} = δF^3 . Suppose now that we have at a certain time at least two solutions ( δM̄^{ij} , δN̄^{ij} , δū_{ij} ) and ( δM̄^{ij}, δN̄^{ij}, δ ū_{ij} ) of the variational system (3.12). Thus the values △M^{ij} = δM̄^{ij} − δM̄^{ij} , △N^{ij} = δN̄^{ij} − δN̄^{ij} (3.13) △u_i = δū_i − δū_i and △w = δw̄ = δw̄ (3.14)

satisfy the following system △N^{ij}_{, j} = 0 , △M^{ij}_{,i j} + N^{ij} △w_{, ij} + w_{, ij}△N_{ij} = 0 , △ε_{ij} = 1 2 [△u_{i,j} + △u_{j,i}] , △κ_{ij} = △w_{, ij} , (3.15) in which for simplicity is assumed that F^3 = 0. Denote by s^{ij} = dev σ^{ij} = σ^{ij} − 1 3 δ^{ij} σ^{kk} the deviator of the stress tensor, and by σ_{int} =

√_1 2 s^{ij}s_{ij} the stress intensity.

In an analog manner let us define for ε_{ij} the strain intensity ε_{int}. Recall that G is the elastic shear modulus, E is Young’s modulus, E_s = σ_{int} ε_{int} is the secant modulus,

G^′ = G 1 + 3G(^1_{Es} −^1_E ) is the instantaneous shear modulus and α is the loading index,

i.e., α = { ≠ 0 in plastic parts 0 in elastic parts.

We assume that the material law has the form δσ^{ij} = 2 G [ δe^{ij} + δ^{ij} δe^{kk} −^α_{2σ2int} σ^{ij} σ^{mn}δe_{mn} ] (i, j, k = 1, 2) (3.16)

(e^{ij} are the contravariant components of e_{ij} ). It follows that △N^{ij} = 2 G [ ∫_{h/2} −h/2 (△e^{ij} + δ^{ij} △e^{kk})dz − ∫ plastic part α 2σ^2_{int} σ^{ij} σ^{mn}△e^{mn}dz ] ,

△M^{ij} = 2 G [ ∫_{h/2} −h/2 (△e^{ij} + δ^{ij} △e^{kk})zdz − ∫ plastic part α 2σ^2_{int} σ^{ij} σ^{mn}△e^{mn}zdz ] , △e_{ij} = △ ε_{ij} + z△κ_{ij} , △N^{ij} = A^{ijmn}△ ε_{mn} and △M^{ij} = D^{ijmn}△κ_{mn}, with A^{ijmn} = 2 Gh [ δ^{im} + δ^{jn} + δ^{ij} δ^{mn} − α 2σ^2_{int} σ^{ij} σ^{mn} ] , (3.17) D^{ijmn} = Gh^3 6 [ δ^{im}δ^{jn} + δ^{ij} δ^{mn} − α 2σ^2_{int} σ^{ij} σ^{mn} ] . If we use the assumptions F^3 = 0, Q^i = 0, w_{, ij} = 0 (the state before perturbations) a non-trivial solution of the variational system is possible only for the system

△M^{ij}_{, ij} + N^{ij} △w_{, ij} = 0 . (3.18)

This implies the equations △M^{ij}_{, ij} = (D^{ijmn} △κ_{mn} =△w_{, mn} )_{, ij} = (3.19)

= ( Gh^3 6 [ δ^{im}δ^{jn} + δ^{ij} δ^{mn} − α 2σ^2_{int} σ^{ij}σ^{mn} ] △w_{, mn} ) , ij (3.20) and Gh^3 6 [ 2△w_{, ijij} − ( α 2σ^2_{int} σ^{ij} σ^{mn}△w_{, mn} ) , ij ] + N^{ij} △w_{, ij} = 0 . (3.21)

If we consider the special case N^{ij} = hσ^{ij} (constant stress over the plate) we get the bifurcation equation ([3, 34, 36]) for plastic-elastic buckling △w_{, ijij} − 1 4 ( 1 − G^′ G ) 1 σ^2_{int} σ^{ij} σ^{mn}△w_{, mnij} + 3ε^{ij} Gh^2 △w_{, ij} = 0 . (3.22)

In the special case α = 0 we derive from this the elastic buckling equation △w_{, ijij} + 3σ^{ij} Gh^2 △w_{, ij} = 0 . (3.23)

Equations (3.22) and (3.23) are fundamental for the elasto-plastic buckling theory of plates. The same type of bifurcation equations can be derived for nonlinear shells.

3.3 The plastic buckling behaviour of thin plates under constant pressure We want to applicate the bifurcation results of Sect.3.2 to the following model situations which are important in sheet metal spinning process. For simplicity we use small strains and stresses.

a) Simply supported rectangular plate Consider at first a rectangular plate of thickness h under constant inplane pressure p as it is shown in Fig. 3.1

Figure 3.1: A rectangular plate under constant inplane pressure

It follows that in the present situation the averaged stresses are N^{22} = N^{12} = 0.

Writing N^{11} = − τ_{int}h we get from (3.23) the bifurcation equation

D_2△^2w − D_3

∂^4w ∂x^4 + τ_{int}h

∂^2w ∂x^2 = 0 (3.24)

where w denotes the displacements in transversal to the plate direction. Note that in the purely elastic case equation (3.24) reduces to the well-known elastic buckling equation

D_2△^2w + τ_{int}h

∂^2w ∂x^2 = 0 . (3.25)

In the following analysis of the buckling behaviour of the plate we distinguish two cases ([36]).

Case 1: All edges are freely supported. For the linear bifurcation analysis we take an ansatz of the buckling modes as w(x, y) = A sin mπx a sin nπy b (3.26)

with A an arbitrary real constant and m, n natural numbers. Inserting (3.26) into equation (3.25) we receive the eigenvalues

τ_{int} = π^2 h [ (D_2 − D_3) m^2 a^2

+ 2D_2 n^2 b^2

+ D_2 n^4a^2 m^2b^4 ] . (3.27)

(In this notation the dependence on m and n is not marked.) In the elastic buckling situation and with n = 1 we derive from (3.27) the wellknown formula τ_{int} = π^2D_2 h b^2 [ b m a + a m b ]_2 . For n = 1 and an elastic-plastic material with β =^E_{Es} we can calculate the critical load for the plate as

e_{int} = π^2 a h^2 b^2 [ 1 + 3β 4 ( b a )_2

m^2 + (a b )_2 1 m^2 + 2 ] (m ∈ N) . (3.28)

The plastic buckling modes for m = 1 and m = 2 are shown in Fig. 3.2 .

Figure 3.2: The first buckling modes

Case 2: The edges x = 0 and x = a are supported and the edges y = ±b/2 are free. Under these assumptions the buckling mode can be considered as

w(x) = A sin mπx a (3.29)

with a constant A.

The critical load for wrinkling is now (see [36])

τ_{int} = π^2 36 (1 + 3β) h^2 a^2

. (3.30)

If only one of the edges y = ±b/2 is free, the critical load for plastic wrinkling is larger. It follows that if in the last case

τ_{int} < π^2 36 (1 + 3β) h^2 a^2

(3.31)

plastic wrinkling is impossible.

b) Circular plate under constant inplane pressure Consider the circular plate which is given in Fig. 3.3 . The bifurcation equation

Figure 3.3: Circular plate under constant pressure is derived from (3.23) with N^{11} = N^{22} = τ_{int}h and N^{12} = 0 as (D_2 − D_3)△^2w + τ_{int}h△w = 0 . (3.32) Introducing a new function Φ through Φ = △w we see that if Φ is a solution of the equation (D_2 − D_3)△Φ + τ_{int} hΦ = 0 (3.33) then Φ is also a solution of (3.32).

In the further analysis we distinguish two cases. Case 1: Axisymmetric plastic buckling The solution Φ of (3.33) can be written as Φ = CJ_0(r) where J_0(r) is the Bessel function of degree 0. A principal buckling behaviour of the circular plate in this case shows Fig. 3.4 .

Case 2: Non-axisymmetric plastic buckling Let us write the buckling mode as Φ(r, φ) = R(r) cos n φ (3.34)

Figure 3.4: Axisymmetric buckling of a circular plate

with the unknown function R and the natural number n. The bifurcation equation (3.23) with respect to R becomes R^{′′} + R^′ r + ( k^2 − n^2 r^2 ) R = 0 (3.35)

where k^2 =

36 e_{int} (1 + 3 α) h^2

. The solutions of (3.35) are the Bessel functions of the n-th order R(r) = C J_n(r) (C = const) .

It follows that if ka is the smallest rooth of the characteristic equation the critical load for non-axisymmetric buckling satisfies the inequality

τ_{int} ≥ a^2k^2 36 (1 + 3α) ( h a )_2 . (3.36)

Note that non-axisymmetric bifurcation of a plate with and without a hole can be analyzed using the principle of virtual work ([39]).

c) Annular plate under inplane pressure We restrict ourselves to the outer pressure situation shown in Fig. 3.5 .

Figure 3.5: Annular plate with inner radius a and outer radius b

Figure 3.6: Plastic buckling of an annular plate under outer pressure

The bifurcation equation arising from (3.23) reduces (see [38]) to the PDE problem (with b = 1)

(D_2 − D_3) △^2w + p 1 − a^2 [ ( 1 + a^2 r^2 ) △w − 2a^2 r^2 w_{, rr} ] = 0 . (3.37)

The principal plastic buckling behaviour is shown in Fig. 3.6 .

3.4 Estimation of the critical stress intensity for loaded plates Let us shortly describe the method which can be used for many types of deformations in order to calculate the critical wrinkling loads for loaded shells or plates. Suppose for simplicity that we have an annular plate as in Sect. 3.2 with an initial strain intensity^∘e_{int}. Suppose also that at a certain moment the load of this plate is increased. In this situation it is necessary to consider the material law Φ in a shifted coordinate system as shown in Fig. 3.7 . It is assumed that τ_{int} = Φ(e_{int}) and

Figure 3.7: The shifted coordinate system of the material law ∘ τ_{int} = Φ(^∘e_{int}). Then the critical strain intensity e_{int} necessary for plastic wrinkling of the considered annular plate (with inner radius a, outer radius 1 and thickness h is given as solution of the nonlinear equation

e_{int} =^∘e_{int} + 0.408(1 + 3α_0) h^2 a^2

(3.38)

where α_0 = E_K Φ(e_{int})−Φ(^∘e_{int})

e_{int}−^∘e_{int}

. (E_K is the tangent modulus.)

3.5 Bifurcation equations with concentrated loads Let us consider a thin plate (for simplicity a rectangular) which is loaded by a concentrated transverse pressure p in the point (x_0, y_0) of the middle surface as it is shown in Fig. 3.8 .

Figure 3.8: A rectangular plate with a concentrated load

For simplicity we assume the plate equation

D△^2w = −p(r − r_0) (3.39)

with p(r − r_0) = p_0δ(r − r_0) (δ the Dirac function, p_0 > 0 a parameter).

The potential energy of the plate in this case is Π = D 2 ∫ ∫ A (△w)^2dxdy (3.40)

where A = [0, a]×[0, b]. Let us seek the deflection of the plate as an eigenfunction expansion (see [36]) w(x, y) = ∞∑ m=1,3,... ∞∑ n=1,3,... a_{mn} sin mπx a · sin nπy b (3.41)

with unknown coefficients a_{mn}. If we insert (3.41) into (3.40) we can calculate the associated potential energy by Π = π^2abD 8 ∞∑ m=1,3,... ∞∑ n=1,3,... a_{mn} [ m^2 a^2 + n^2 b^2

]_2

. (3.42)

The work of the concentrated load along the virtual displacement is given by δW = −p_0 ∞∑ m=1,3,... ∞∑ n=1,3,... a_{mn} sin mπx_0 a sin nπy_0 b . (3.43)

Since this work is equal to the change of the potential energy we have an equation for determining the coefficients a_{mn} as (see [36])

a_{mn} = −p_04 sin mπx_0 a · sin nπy_0 b π^4abD [ m^2 a^2 + n^2 b^2

] (m, n = 1, 3, . . . ) . (3.44)

Now the resulting solution w can be written as w(x, y) = − 4p_0 π^2Dab ∞∑ m=1,3,... ∞∑ n=1,3,... sin mπx_0 a · sin nπy_0 b [ m^2 a^2 + n^2 b^2

]_2 · sin mπx a · sin mπy b .

(3.45) It is clear that other geometrical situations (circular or annular discs with concentrated loads) can be investigated in the same way using the eigenfunctions of the circular resp. annular discs.

3.6 Plastic buckling and plastic flutter In the metal spinning process instability may occur either by static buckling (neighboring equilibrium states exist) or by flutter or by both ways (at the same or at different loads). Even if the system is considered as statical, its instability behaviour may be dynamical. The results of the investigations [13, 23, 44, 48] indicate that multiple ranges of stability and instability may occur also in the presence of slight damping and that the variety of possibilities is even richer than in the absence of damping.

In certain cases it is possible to guarantee the static bifurcation route on the basis of the selfadjointness of differential operators occuring in the linearization of the problem.

Let us rewrite the homogenous perturbational system (2.69) in the more compact form with ρ ≡ 1 and the presence of inertia forces as Lu − ∂^2u ∂t^2 = 0 in Ω × (0, T ) , (3.46) Mu = 0 on Γ_F × (0, T ) , (3.47) Nu = 0 on Γ_F × (0, T ) , (3.48) where the definition of the linear operators follows immediately from (2.70) - (2.73).

In a parallel way we consider the associated static boundary value problem Lu = 0 in Ω , (3.49) Mu = 0 on Γ_F , (3.50) Nu = 0 on Γ_F . (3.51) We want to find vibrational solutions of (3.49) - (3.51) in the form u(x, t) = U(x)e^{iwt} (3.52) where U is an unknown function of the phase variables and ω ∈ C is an unknown frequency. This results in the following boundary value problems LU + ω^2U = 0 in Ω , (3.53) MU = 0 on Γ_F , (3.54) NU = 0 on Γ_F . (3.55)

It is well known ([5]) that a sufficient condition for the self-adjointness of (3.53) - (3.55) is the equality ∫ Ω {[ LU^{(1)} + ω^2U^{(1)} ] U^{(2)} − [ LU^{(2)} + ω^2U^{(2)} ] U^{(1)} } dV = 0 , (3.56)

which has to be satisfied for all perturbations U^{(1)}, U^{(2)} satisfying the boundary conditions (3.54), (3.55).

Suppose now that for a certain value ω system (3.49) has a nontrivial solution. If the system (3.53) is selfadjoint the associated number ω^2 is real. It turns out that in this case the loss of stability is statically, i.e., we have a buckling bifurcation in the variational system (2.69) - (2.73).

As an example let us discuss the plastic buckling behavior of a rectangular plate (Sect. 3.3). For this we consider the bifurcation equation (3.24) and derive conditions for plastic flutter (see also [43, 4]). To show this it is sufficient to investigate the plastic instability only in one phase variable direction, say in x-direction. Thus we have to consider the PDE problem

(D_2 − D_3)

∂^4w ∂x^4 + τ_{int}h

∂^2w ∂x^2 = 0 . (3.57)

Including inertia forces we come to the plastic wave equation (ρ denotes the material density)

(D_2 − D_3)

∂^4w ∂x^4 + τ_{int}h

∂^2w ∂x^2 + ρ ∂^2w ∂t^2 = 0 . (3.58)

Let us assume the initial conditions w(0, t) = w(a, t) = 0 , ∂^2w ∂x^2 (0, t) =

∂^2w ∂x^2 (a, t) = 0 , t > 0. (3.59)

Now we try to find a plastic wave solution of (3.58), (3.59) in the form w(x, t) = W (x)e^{iωt} (3.60) where W (x) is an unknown function and ω ∈ C is a parameter to be defined. Inserting (3.60) into (3.58), (3.59) we receive the ODE problem

(D_2 − D_3)W^{(4)} + τ_{int}hW^{(2)} + ρ(−ω^2)W = 0 (3.61) or W^{(4)} + k^2W^{(2)} − ^ω^2W = 0 . (3.62)

Here we have introduced the abbreviations k = √ τ_{int}h D_2 − D_3 and ^ω = ω √ ρ D_2 − D_3

. (3.63)

For the equation (3.62) it is well-known (see [5, 14]) that for small k there are two critical zeros of the determinant of the eigenvalue problem and both they are real. In this case the system is, with respect to the solution form (3.60), stable. For increasing k we have for a certain critical parameter k^∗ a double real zero of the determinant and for k > k^∗ two critical complex zeros, one with positive and one with negative imaginary part. This shows that beginning with k^∗ the system becomes unstable. Now we can compute (using (3.63)) the critical intensity τ^∗_{int} for dynamic plastic wrinkling as

τ^∗_{int} = k^{∗2}

(D_2 − D_3) h . (3.64)

It is easy to see that the critical load (3.64) for dynamic wrinkling is smaller than the critical value for static buckling. As a consequence we conclude that the rectangular plate considered in Sect. 3.3 for small k shows static plastic buckling and for large k shows dynamic buckling. Thus the aspect ratio of the system is given by a = τ_{int}h D_2 − D_3

. (3.65)

Let us note that the discussed properties of the eigenvalue problems of the bifurcation equation (3.57) are necessary conditions for a certain type of bifurcations in the full non-linear system. Let us assume that other sufficient conditions for nonlinear plastic buckling are satisfied (application of the center manifold theory or Lyapunov-Schmidt reduction process). Then the possible bifurcation scenario is the following. For small k the system undergoes a static plastic buckling bifurcation and for large k a plastic flutter (or Hopf) bifurcation.

Figure 3.9: Plastic buckling (or flutter) in the spinning process

Theoretically it is possible that for a certain value of k there is one zero critical eigenvalue and two purely imaginary critical eigenvalues. In this situation the reduced bifurcation equation of the nonlinear system is of third order and the necessary conditions for (plastic) Ruelle-Takens-Newhouse bifurcations ([21, 45]) are satisfied. The bifurcation picture of the reduced ODE problem shows that heteroclinic orbits may occur ([21]) . A small perturbation leads to transversal heteroclinic points. Such points are a strong indication that chaotic motions might occur.

Other examples of coupling between divergence instability (in our case static buckling) and flutter are the fluid-carrying tube with an elastic support, the double pendulum and the tractor-semitrailor (he,tr,stz).

4 Large deformation shell theory in metal forming

4.1 Basic facts from large deformation shell theory In order to describe the formation of wrinkles in the spinning process we need a large deformation theory for shells. In this section we give a short representation of such a theory which goes back to [14] (see also [9, 37, 50, 56]). Suppose that the middle surface of the shell (rotating blank) is given in parametric form

r = r(ξ^1, ξ^2) (4.1)

with (ξ^1, ξ^2) ∈ G ⊂ R^2 . An arbitrary point near the middle surface is defined as

R(ξ^1, ξ^2, ζ) = r(ξ^1, ξ^2) + ζn(ξ^1, ξ^2) (4.2)

where ζ is the distance between the point and the middle surface in the direction of the normal n. In the following we need the vector functions

r_α = ∂r ∂ξ^α and n_α = ∂n ∂ξ^i . (4.3)

Introduce also the first and the second fundamental form of the middle surface through

a_{αβ} = r_α · r_β and b_{αβ} = n ·

∂^2r ∂ξ^α∂ξ^β . (4.4)

The Christoffel symbols of the middle surface are defined by

Γ^α_{βγ} = 1 2 a^{αβ} [ ∂a_{ρβ} ∂ξ^γ + ∂a_{γρ} ∂ξ^β − ∂a_{βγ} ∂ξ^ρ ] . (4.5)

Suppose that Γ is a smooth curve on the middle surface. In any point of Γ we consider the unit vectors n (normal vector), t (tangent to Γ) and the vector ν = t × n .

If s_t is the length parameter of the curve we introduce the values t^α = dξ^α ds_t and define the numbers

σ_t = b_{αβ} t^αt^β , τ_t = −b_{αβ}t^αt^β (4.6) and σ_ν = b_{αβ} ν^αν^β , τ_ν = −b_{αβ} ν^αν^β . (4.7)

Assume that ∘ R(ξ^1, ξ^2, ζ) =^∘r(ξ^1, ξ^2) + ζ^∘n (ξ^1, ξ^2) (4.8) is the position of a point before deformation. (Here and in the following the sign ∘ denotes vectors or other values before deformation).

The same point after deformation has the position

R(ξ^1, ξ^2, ζ) = r(ξ^1, ξ^2) + λ_ζ (ξ^1, ξ^2) [ ζ + 1 2 ζ^2κ_ζ (ξ^1, ξ^2) ] · n(ξ^1, ξ^2) , (4.9)

where the functions λ_ζ and κ_ζ characterize the tension properties in the normal to the middle surface direction. As in small deformation theory (Section 3.2) we introduce with^∘g = det(^∘g_{ij}) and^∘a = det(^∘a_{ij}) the following integrals: M^{αβ} = λ_ζ ∫^∘_{h/2} −^∘h/2 Jσ^{αβ} dζ , (moment tensor) (4.10)

Q^α = ∫^∘_{h/2} −^∘h/2 [ λ_ζ (1 + ζκ_ζ )Jσ^{αβ} + ξ ( ∂λ_ζ ∂ξ^β ) Jσ^{iβ} ] · √_∘ g/^∘a d ζ (4.11)

(transverse shear resultant) , and N^{αβ} = ∫^∘_{h/2} −^∘h/2 Jσ^{αβ} dζ (4.12) (membrane forces tensor) .

In order to describe the equations of equilibrium we suppose that q √ a dζ^1dζ^2 with a = det(a_{αβ} ) is the force intensity with respect to the unit surface element. The equilibrium position of the time-dependent thin shell is now described by the equations ([14]) ∂ ∂ξ^γ (√_∘ aN^{γα} ) + Γ^α_{γβ} √_∘ a N^{γβ} − b^α_γ √_∘ a Q^γ + q^α √ a = 0 , ∂ ∂ξ^α (√_∘ aQ^γ ) + b_{γβ} √_∘ a N^{γβ} + q_n √ a = 0 , (4.13) ∂ ∂ξ^γ (√_∘ a M^{γα} ) + Γ^α_{γβ} √_∘ a M^{γβ} − √_∘ a Q^α = 0 .

If we exclude again as in Section 3.2 the shearing forces we get a reduced system in the form ∂ ∂ξ^β [√_∘ a N^{βα}r_α + ∇_γ (√_∘ a M^{αβ} ) n ] + √ a q = 0 , ∂ ∂ξ^β [√_∘ a N^{βα}r_α + r_β ∂ ∂ξ^γ (√_∘ a M^{γμ}r_μ ) n ] + √ a q = 0 . (4.14)

Note that we can also introduce special types of forces as realization of q such as

normal forces F_n = qn , inertia forces F_I = −^∘h^∘ρ B^{−1/2 ∂2}r_{∂t2} , Coriolis forces F_C = −ω^∘h^∘ρ B^{−1/2 ∂}r_{∂t} and centripetal forces F_Z = −ω^{2 ∘}h^∘ρ B^{−1/2} r .

(4.15)

Let us now derive the constitutive law for the material. Suppose that Φ = Φ (a_{αβ} + 2ζκ_{αβ} , λ^2_ξ + 2λ^2_ξ κ_ξ) is the potential of energy. It follows that the Piola-Kirchhoff tensors may be calculated in a standard way by the formulas Jσ^{αβ} = 2 ∂Φ ∂g_{αβ} and Jσ^{33} = 2 ∂Φ ∂g_{3J} . (4.16)

Since we are interested in linear parts only we can write Jσ^{αβ} = 2 {( ∂Φ ∂g_{αβ} ) o + 2ζ [( ∂^2Φ ∂g_{γδ}∂g_{αβ} ) o κ_{γδ} + + ( ∂^2Φ ∂g_{33} ∂g_{αβ} ) o λ^2_ζ κ_ζ ]} and (4.17)

Jσ^{33} = 0 .

Now we use the decomposition

Jσ^{ij} = (Jσ^{ij} )_{(o)} + ζ(Jσ^{ij} )_{(1)} with

(Jσ^{ij} )_{(o)} = 2 ∂Φ^o ∂a_{ij} , Φ^o = Φ_{|ζ=0} , and (4.18)

(Jσ^{ij} )_{(1)} = 4 [ ∂^2Φ ∂a_{αβ} ∂a_{ij} κ_{αβ} + ∂^2Φ^o ∂λ^2_ζ ∂a_{ij} λ^2_ζ κ_ζ ] .

Finally, the tangent modulus E^{ijkl} in the present situation can be written as E^{ijkl} = 2 ( ∂^2Φ^o ∂a_{ij} ∂a_{kl} + ∂^2Φ^o ∂a_{ij}∂a_{lk} ) − (4.19) −4 ∂^2Φ^o ∂λ^2_ζ ∂a_{ij} ∂^2Φ^o ∂λ^2_ζ ∂a_{kl} / ∂^2Φ^o (∂λ^2_ζ )^2

. (4.20)

Now we describe shortly the principle of virtual work. Let^∘A be a simply connected region on the undeformed middle surface defined by ∘ A = { r(ξ^1, ξ^2) , (ξ^1, ξ^2) ∈^∘G } and enclosed by the curve ∘ C = { r(ξ^1, ξ^2) , (ξ^1, ξ^2) ∈ ∂^∘G } .

Suppose that^∘Γ = ∂^∘G can be written as^∘Γ =^∘Γ_u ∪^∘Γ_σ, where on^∘Γ_u the boundary conditions are given for R and on^∘Γ_σ the boundary conditions are given for the generalized Kirchhoff forces and the bending moment. Assume also that with respect to possible variations

δr = 0 and δn = 0 for all (ξ^1, ξ^2) ∈^∘Γ_u . (4.21)

The version of the principle of virtual work which can be used for the Ritz method is then ∫ ∘ S [ N^{αβ} δ(a_{αβ} /2) + 1 λ_ζ M^{αβ}δκ_{αβ} ] d^∘S = = ∫ ∘ S √ a q · δrdξ^1dξ^2 − ∫ ∘ Γ_σ [ N^′_{νν} ν + N^′_{νt}t + N^′_{νn}n ] · dr + + [M_{νν} ν · δn] d^∘s_t . (4.22)

If we use the representations r_i · δr = δu_i, n · δr = δw, ν · δr = δu_ν , t · δr = δu_t, (4.23) ν · δn = δϑ_ν , , r_j · δr_i = δw_{ij} and r_j · δn_i = δ(∇_iϑ_j) (4.24)

we get the scalar version of the principle as ([14]) ∫ ∘ S [ N^{αβ} δ(a_{αβ} /2) + 1 λ_ζ M^{αβ}δκ_{αβ} ] d^∘S = = ∫ ∘ S ( q^βδu_β + qδw ) d^∘S − ∫ ∘ Γ_σ [ N^′_{νν} δu_γ + N^′_{νt}δu_t + N^′_{νν} δw+ + M_{νν} δϑ_ν ]d^∘s_t . (4.25)

4.2 Instability of a rotating shell and the speed of rotation We consider a thin shell of revolution of constant thickness h. To describe the shell we introduce ([14, 49]) an orthogonal curvilinear coordinate system, connected with the meridians and parallels of a shell. A position of a point on the median surface of the shell is defined by an angle φ (0 ≤ φ < 2π) and the length of the arc of generatrix s (s_1 ≤ s ≤ s_2). The shell is limited with two parallels s = s_1 and s = s_2. The geometry is characterized by a function B(s), which is the distance between the axis of symmetry and the median surface. We define also functions R_1 and R_2 which are the main radii of the curvature and a function Θ(s), which is the angle between the initial normal to the median surface and the axis of symmetry. These functions are expressed through B as 1 R_1 = dΘ ds = − B^{′′} √ 1 − B^{′2} , (4.26) 1 R_2 = sin Θ B = √ 1 − B^2 B , (4.27)

cos Θ = B^′, 0 ≤ Θ < π . (4.28)

At each point of the neutral surface we introduce a local system of cartesian coordinates, which are the axes of tangent to the meridian, the tangent to the parallel and the initial normal. The vector u = (u_1, u_2, u_3) is the displacement vector in the local coordinate system.

Figure 4.1: The orthogonal coordinate system

The shell rotates with the constant angular velocity vector ω. Suppose that r is the radius vector to a point on the neutral surface and v is the velocity of a shell point. Then v = ω × (r + u) + u̇ and the equation of motion is

ρü + ρ ω × [ω × (r + u)] + 2ρ ω × u̇ + ∇Π(u) = 0 (4.29)

where ∇Π̂ = ∂Π̂ ∂u − 1 B ∂ ∂s ( B ∂Π̂ ∂(∂u/∂s) ) − ∂ ∂φ ∂Π̂ ∂(∂u/∂φ) . Here Π̂ is the strain energy density, ρ is the density of the shell material. We represent the displacement u(s, φ, t) as a sum of an axisymmetric displacement u^0(s) and the perturbational displacement u^1(s, φ, t), i.e.,

u(s, φ, t) = u^0(s) + u^1(s, φ, t). (4.30)

The expression for r and ω in local coordinates is

r = (B cos Θ, 0, −B sin Θ), ω = (−ω̂ sin Θ, 0, −ω̂ cos Θ). (4.31)

Now we represent the strain energy density in the form Π̂(u^1, u^0) = Π̂_1(u^1) + Π̂_f (u^1, u^0) + Π̂_0(u^0) + Π̂_ω(u^1, u^0) + Π̂_∗(u^1, u^0). (4.32)

Here Π̂_1(u^1) is a quadratic form of displacements, Π̂_f (u^1, u^0) is linear with respect to both u^1 and u^0, Π̂_0(u^0) is a term depending only on u^0, Π̂_ω(u^1, u^0) is a quadratic form with respect to u^1 and Π̂_∗(u^1, u^0) contains all other terms. Further we will omit the index^{”n”} for displacements. Substituting (4.30) – (4.32) into equation (4.29) we get the equations

L_f (u^0) = f, (4.33)

L(u) + ω^2L_ω(u^0, u) =

∂^2u ∂t^2 + 2 ω L_C ∂u ∂f + ω^2L_eu (4.34)

with f = ω^2r, L_f (u^0) = −∇Π̂_f (u^0, u),

L_C =

0 cos Θ 0 − cos Θ 0 sin Θ 0 − sin Θ 0 , L_e = − cos^2 Θ 0 − sin Θ cos Θ 0 −1 0 sin Θ cos Θ 0 − sin^2 Θ ,

L(u) = −∇Π̂(u), L_f (u^0) = −∇Π̂_f (u^0, u), L_ω(u^0, u) = − 1 ω^2

Π̂_ω(u^0, u).

For linear and homogenous boundary conditions the solutions of (4.34) can be written as running waves in the form u(s, φ, t) = ∞∑ m=o ∞∑ k=−∞ 2∑ l=1 u_{mk}(s)C^l_{mk} cos(mφ + ω_{mk}t − α^l)

v(s, φ, t) = ∞∑ m=o ∞∑ k=−∞ 2∑ l=1 v_{mk}(s)C^l_{mk} sin(mφ + ω_{mk}t − α^l)

w(s, φ, t) = ∞∑ m=o ∞∑ k=−∞ 2∑ l=1 w_{mk}(s)C^l_{mk} cos(mφ + ω_{mk}t − α^l)

In the paper [49], using the above representation of running waves, it is shown that for certain specific values of the speed of rotation ω, the critical eigenvalues of the linearization is zero and the shell becomes unstable. This effect of rotation is the most important on lower frequencies (see also [42]).

Acknowledgements

This research project is kindly supported by the Volkswagen Foundation.

References

[1] G. G. Adams: Elastic wrinkling of a tensioned circular plate using von Kármán plate theory. J. Appl. Mech., 60, 2, 520 – 525, 1993.

[2] H. Ame’ziane-Hassani and K. W. Neale: On the analysis of sheet metal wrinkling. Int.

J. Mech. Sci. , 33, 1, 13 – 30, 1991.

[3] N. Kh. Arutyunyan, A. D. Drozdov and V. E. Naumov: Mechanics of growing viscoelasto-plastic bodies. Nauka. Moskva, 1987, (in Russian).

[4] M. M. Balaban, A. E. Green and P. M. Naghdi: Acceleration waves in elastic-plastic materials. Int. J. Eng. Sci., 8, 315 – 335, 1970.

[5] V. V. Bolotin: Nonconservative Problems of the Theory of Elastic Stability. Moskow, 1961; English translation published by Pergamon Press, Inc., New York, 1963.

[6] R. Buczkowski and M. Kleiber: Finite element analysis of elastic-plastic plane contact problem with nonlinear interface compliance. J. Theor. and Appl. Mech., 4, 30, 855 – 883, 1992.

[7] J. Cao and X. Wang: An analytical model for plate wrinkling under tri-axial loading and its application. Int. J. Mech. Sci., 42, 3, 617 – 633, 2000.

[8] J. Cao and M. C. Boyce: Wrinkling behavior of rectangular plates under lateral constraint. Int. J. Solids Struct., 34, 2, 153 – 176, 1977.

[9] J.-H. Cheng and N. Kikuchi: An analysis of metal forming processes using large deformation elastic-plastic formulations. Comput. Methods Appl. Mech. Eng., 49, 71 – 108, 1985.

[10] J.-S. Chen: Stability analysis of a spinning elastic disk under a stationary concentrated edge load. J. Appl. Mech., 61, 4, 788 – 792, 1994.

[11] J.-S. Chen and C.-M. Hsu: On the transient response of a spinning disk under a spacefixed load. J. Appl. Mech., 64, 4, 1017 – 1019, 1997.

[12] J.-S. Chen and J.-L. Jhu: In-plane stress and displacement distributions in a spinning annular disk under stationary edge loads. J. Appl. Mech., 64, 4, 897 – 904, 1997.

[13] J.-S. Chen and C.-C. Wong: Divergence instability of a spinning disk with axial spindle displacement in contact with evenly spaced stationary springs. J. Appl. Mech., 62, 2, 544 – 547, 1995.

[14] K. F. Chernykh: Nonlinear Elasticity Theory. Mashinostroenie, Leningrad, 1986 (in Russian).

[15] P. G. Ciarlet and P. Rabier: Les equations de von Kármán. Springer-Verlag, Lect. Not..

Math. 826, 1980.

[16] K.-A. Cole and R.-C. Benson: A fast eigenfunction approach for computing spinning disk deflections J. Appl. Mech., 55, 2, 453 – 457, 1988.

[17] G. Duvant and J.-L. Lious: Les inéquations en mécanique et en physique. Dunod, Paris, 1972.

[18] A. Fatnassi, Y. Tomita and A. Shindo: Theoretical Investigation of Buckling Behaviour of Axisymmetric Elastic-plastic Membrane Shells Subjected to Axisymmetric Forming. Adv. Technology of Plasticity, 1, 611 – 615, 1984.

[19] A. P. Filin: Applied Mechanics of a Solid Deformable Body. Nauka, Moskva, 1975, (in Russian).

[20] E. I. Grigolyuk and V. M. Tolkachev: Contact problems in the theory of planes and shells. M. Maschinostroenie, 1980, (in Russian).

[21] J. Guckenheimer and P. Holmes: Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields. Appl. Math. Sc., Springer Verlag, 42, Berlin, 1983.

[22] D. M. Haughton and B.A. McKay: Wrinkling of annular discs subjected to radial displacements. Int. J. Eng. Sci., 33, 3, 335 – 350, 1995.

[23] G. Herrmann and I. C. Jong: On nonconservative stability problems of elastic systems with slight damping. J. Appl. Mech., 33, 125 – 133, 1966.

[24] R. Hill: A general theory of uniqueness and stability in elastic-plastic solids. J. Mech.

and Physics of Solids, 6, 236 – 249, 1958.

[25] J. W. Hutchinson: Plastic buckling. Adv. Appl. Mech., 14, 67, 1974. [26] A. A. Il’yushin: Plasticity. General Mathematical Theory. Akademiya nauk SSSR, Moskva, 1963 (in Russian).

[27] C. H. Jenkins and J. W. Leonard: Dynamic wrinkling of viscoelastic membranes. J.

Appl. Mech., 60, 3, 575 – 582, 1993.

[28] K. L. Johnson: Contact Mechanics. Cambridge University Press., 1992 [29] M. Kadkhodayan, L. C. Zhang and R. Sowerby: Analyses of wrinkling and buckling of elastic plates by DXDR method. Comput. Struct., 65, 4, 561 – 574 , 1997.

[30] S. Kang and S. Im: Finite element analysis of wrinkling membranes. J. Appl. Mech., 64, 2, 263 – 269, 1997.

[31] S. Kang and S. Im: Finite element analysis of dynamic response of wrinkling membranes. Comput. Methods Appl. Mech. Eng., 173, 1 – 2, 227 – 240, 1999.

[32] H. Kantz and T. Schreiber: Nonlinear time series analysis. Cambridge Nonlinear Science Series, Cambridge University Press, Cambridge, 1997.

[33] J. B. Kim, J. W. Yoon and D. Y. Yang: Wrinkling initiation and growth in modified Yoshida buckling test: Finite element anaysis and experimental comparison. Int. J. Mech. Sci., 42, 9, 1683 – 1714, 2000.

[34] V. D. Klyushnikov: Stability of elasto-plastic systems. Nauka, Moskva, 1980 (in Russian).

[35] S. Kobayashi: Instability in Convential spinning of cones. Trans. of the ASME, 44 – 48, 1963.

[36] V. I. Korovlev: Elasto-plastic deformations of shells. M. Maschinostroenie, 1971 (in Russian).

[37] A. Kuehhorn and H. Schoop: A nonlinear theory for sandwich shells including the wrinkling phenomenon. Arch. Appl. Mech., 62, 6, 413 – 427, 1992.

[38] S Magumdor: Buckling of a thin annular plate under uniform compression. AIAA, 9, 1701 – 1707, 1971.

[39] K. Naruse: Wrinkling in elastic-plastic bending of circular plates with and without a hole subjected to circumferential moments. Theor. Appl. Mech., 35, 193 – 201, 1987.

[40] J. Nečas and I. Hlaváček: Mathematical Theory of Elastic and Elastico-Plastic Bodies:

An Introduction. Elsev. Sc. Publ. Comp., New York, 1981.

[41] J. L. Nowinski: On the stability of nonlinear circumferential waves in a spinning rectilinearly orthotropic disk. Int. J. Mech. Sci., 25, 191 – 198, 1983.

[42] J. Padovan: On gyroscopic problems in elasticity. Int. J. Enging. Sci., 16, 1061 – 1073, 1978.

[43] V. Palmov: Vibrations of Elasto-Plastic Bodies. Springer Verlag, Berlin, 1998. [44] R. H. Plant: A new destabilization phenomenon in nonconservative systems. ZAMM, 51, 319 – 321, 1971.

[45] V. Reitmann: Reguläre und chaotische Dynamik. G. B. Teubner Verlagsgesellschaft, Stuttgart-Leipzig, 1996.

[46] J. Ronda and K. W. Colville: Comparison of friction models for deep-drawing. GAMM- Mitteilungen, H. 1, 39 – 59, 1995.

[47] J. L. Sanders: Nonlinear theories for thin shells. Quart. Appl. Math., 21, 21 – 36, 1963. [48] R. Scheidl, H. Troger and K. Zeman: Coupled Flutter and Divergence Bifurcation of a Double Pendulum Int. J. Non-linear Mech., 19, 163 – 176, 1983.

[49] A. L. Smirnov: Vibrations of the rotating shells of revolution. Prikladnaya mekhanica, vyp. 5, Leningrad University publisher, 176 – 186, 1981 (in Russian).

[50] D. J. Steigmann and A. C. Pipkin: Finite Deformation of Wrinkled Membranes. Quart.

J. Mech. Appl. Math., 42, 427 – 440, 1989.

[51] R. Temam: Mathematical problems in plasticity. Gauthier-Villars, Paris 1985. [52] H. Troger and A. Steindl: Nonlinear Stability and Bifurcation Theory. An Introduction for Engineers and Applied Scientists. Springer-Verlag, Wien-New York, 1991.

[53] S. Utku, W. L. Shoemaker, M. Salama: Nonlinear equations of dynamics for spinning paraboloidal antennas. Comput. Struct., 16, 1 – 4, 361 – 370, 1983.

[54] W. Velte: Stabilität und Verzweigung stationärer Lösungen der Navier-Stokesschen Gleichungen beim Taylorproblem. Arch. Ration. Mech. Anal., 22, 1 – 14, 1966.

[55] C.-T. Wang, G. Kinzel and T. Altan: Wrinkling criterion for anisotropic shell with compound curvatures in sheet forming. Int. J. Mech. Sci. 36, 10, 945 – 960, 1994.

[56] W. S. Wlassow: Allgemeine Schalentheorie und ihre Anwendung in der Technik.

Akademie-Verlag Berlin, 1958.

[57] S. Yossifon, J. Tirosh and E. Kochavi: On suppression of plastic buckling in hydroforming processes. Int. J. Mech. Sci., 26, 6 – 8, 389 – 402, 1984.

[58] L. G. Zhang and T. X. Yu: The plastic wrinkling of an annular plate under uniform tension on its inner edge. Int. J. Solids Struct., 24, 5, 497 – 503, 1988.

[59] L. G. Zhang and T. X. Yu: Modified adaptive dynamic relaxation method and its application to elasti-plastic bending and wrinkling of circular plates. Comput. Struct., 33, 2, 609 – 614, 1989.

[60] L. G. Zhang and T. X. Yu: The elastic-plastic bending and wrinkling of thin circular plates. Chin. Sci. Bull., 35, 19, 1602 – 1607, 1990.