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1 Thermovisco-elastoplastic CORiaE G

1.1 The mechanical model

measurements rigid moving cylinder
Y I'¢ - free and moving boundary
fn vo  thermovisco-elastoplastic
‘ _ material
éj g]ﬂé\é RN ﬁj
o —

1.2 Notation

Suppose Q C R™ is a domain, [ = 0 is the piecewise Lipschitz
continuous boundary divided into the three disjunct parts ['p, 'y and T¢.
Assume that x = (x!,...,x™) is the location in Q,t € R is the time,
n=(n',...,n™) is the unit normal to ', u(x, t) = (v'(x,t),...,u™(x, t))
are the displacements, © = O(x, t) is the temperature, o = (o) is the
stress tensor, fa = (fi(x,t),...,f(x, t)) are the body forces in Q and

k = K(x, t) is the density of heat sources.
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1 Thermovisco-elastoplastic CORiaE G

1.3 Elastoplastic and heat equations

The equations of motion and heat transfer are given by

[0Sk + ul)lj+ fa =" in @ x (0, T), (1)
©— (k'®,)i=—clujj+r in Qx(0,T), (2)
where ¢/ = cli(x) and k¥ = k¥(x) are the tensors of thermal expansion

and thermal conductivity, respectively, and o is defined by the
thermovisco-elastoplastic stress-strain relation

ol = a™u  + b iy — 10 + P, 0l in Q x (0, T), (3)

where (a?¥") and (b%') are the tensors of elastic and viscosity coefficients,
respectively, {PY[-,©]}oxo is the plastic part given by ©-dependent
hysteresis operators.
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As boundary and initial conditions we have:
a) Prescribed displacements and temperature
u=0 on Ipx(0,T);
©=0, on (FD U I'N) X (0, T) ; (4)
u(+,0) =wp, 0(-,0) = u1,0(-,0) = Op InQ;
b) Prescribed boundary forces
o'nj=fy on Tyx(0,T), (5)
where fy = (fi(x, t)) are the applied tractions;

c) Frictional stress and temperature on I ¢
By Coulomb'’s law of dry friction

lo7] < ploa|(1 = dlon[)+ on Te x (0, T),
lor| < ploa|(L = dlon|)+ = 7 =w (stick zone) (6)
o7 = plon|(1 = blon)+ = b7 = vo— Aor (slip zone) ,
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k70 inj = plon|(1 = dlon|)ssc (-, i — wol) -
ke(© — ©kg), (7)

where o = aijn;nj and uys = u'n; are the normal components of o and u
on I, respectively, air = aijnj —onn' and uiT = u — upn' are the
tangential components of o and v on I, respectively, u is the friction
coefficient, vp is the velocity of the moving rigid body, § is a positive
constant, ©p is the temperature of the rigid body, sc(-, r) is a prescribed
distance function and ke is the coefficient of heat exchange between
elastoplastic body and rigid body.
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2 Co

2.1 Scales of Hilbert spaces

A collection of real Hilbert spaces {H, },cr with scalar product (-,-), and
norm || - || is called scale of Hilbert spaces if the following is true:

(i) For any ae > 3 the space H, is continuously embedded into Hg, i.e.
H. C Hg and there exists a ¢; > 0 such that ||h|[g < c1||h||a, Vh € Hq,
and H, is dense in Hg;

(ii) For any a > 0 and h € H,, the linear functional (-, h)g on Hp can be
continuously extended to a linear continuous functional (-, h)_qo on H_,
satisfying [(h', h) .ol < A | —allhlla, VA € H_a, ¥ h € Hy. Any linear

continuous functional £ on H, has the form £(h) = (h', h)_4. with some
h € H_,, ie., H_, is isomorphic to the space of linear continuous
functionals on H,. From (i) it follows that for any « € (3,7) the space H,
is rigged by Hg and H,, i.e., Hy C H, C Hg with dense and continuous
embeddings.
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2 Co

Example 1

Suppose Q C R™ is a domain and N is an arbitrary natural number.

{H(N)}aeR is the scale of fractional Sobolev spaces such that
H( ) = = W% (Q),£=0,1,..., N, with norms ||u||il(,\,) given by

/Q(|”|2 + D IDPuP)dx =t Jlullfyac,

=il
18 if >0 integer,

|DPu(x) — DPu(y)|?
||U||sz+ Z// |x— G2 dxdy,

|Bl=k
if a=k+X>0,k>0integer, A € (0,1),

sup |/ u(x)v(x)dx|,if « <0.
||V||H£N):1
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2.2 A simplified contact problem

Suppose 2 C R™ is a bounded domain, 0L is smooth, u = u(x, t) and
© = O(x, t) are the displacement and the temperature in the elastic body
satisfying the system
upe +2cur — Au+au = §(t), &(t) € p(O(1)), (8)
O — BAG +u—~C(t) =0, ((t) = g(O(t)), (9)

with a, 3, &, constants, and the boundary and initial conditions

u=0,0©=0 ondQx(0,T) (10)
U(-,O) = UO(')? [l(',O) = Ul(')ve('ao) = Qg in . (11)
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¢ :R — 2% and g : R — R are nonlinear maps satisfying
vg(v) — € >0, Vv € R, V& € p(v) (12)

and g = ¢/, i.e. g has a Fréchet differentiable potential.
A is the self-adjoint positive-definite operator generated by (—A)
with zero boundary conditions and having the domain

D(A) = W22(Q)n W2 (Q). Introduce the spaces
Vo = L2(Q),V1 = D(AY?) and V, = D(A) with
(u,v)s = (A52u, A%V, Yu,v € V5,5 =0,1,2, (13)

as scalar product and Y5 = Vsy1 X Vs, Zs = Vsy1,5 =0,1, with the
scalar product in Y5 given by

((u,v),(0,v))s = (U, 0)s41 + (v, V)s,¥(u,v), (0, V) € Ys. (14)
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The weak form of (8), (9) is a parameter-dependent hybrid system
consisting of a variational inequality and a variational equality of the type

(y —AQ)y —B(@)é;n = y)y_1vy + V(n,9) —V(y,q) 20, (15)
w(t) = C(q)y, &(t) € o(t, w(t),v(t),q),¥n € L>(0, T; Y1),  (16)

a.e. on (0, 7),
(Z - Al(q)z - Bl(q) C”lg)z—hzl =0, (17)
v(t) = Glg)z,  ((t) € g(t, w(t), v(t),q),
V9 € 20, T; Z), a.a. on(0, 7). (18)
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3 Observations for bifurcatios

Here g € Q is a parameter, (Q, d) is a metric space.
For any g € Q we assume that

A(g) € L(Y1,Y-1),B(q) € L(Z,Y-1),C(q) € L(Y-1, W),

V(,q): Y1 =Ry, o(q) iRy x Wx T — 25,

Al(q) S E(Zlyz—l)a Bl(q) S E(Z7 Z—l)ag('7'7 ',CI) : R-I— XWxT—=Z,
Yi,Y 1,2, Z 1,=,W,Z,T are real Hilbert spaces.

A pair {y(-),z(-)} € L3(0, T; Y1) x L2(0, T; Z1) is said to be a solution of
(15)-(18) on (0, T) if {y(-),z(-)} € L?(0, T; Y1) x L?(0, T;Z_1) and
there exists a pair {£(+),¢(-)} € L2(0, T; =) x L2(0, T; Z) such that
{y(-),2(-),&(-),¢(+)} satisfies (15)-(18) for a.e. t € (0, T) and

fOT V(y(t), g)dt < 4+o00. We assume that for any T > 0 such solutions
exist.
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Definition 1

Suppose that {S,}, {54}, {Ra} and {R,} are scales of real Hilbert spaces
(observation and output spaces, respectlvely) and D, € L(Y1,5,),

E, € L(Z,5.), Do € £L(Z1,5,), B, € L(Z, R)

My € L(Y1,Ra), Ny € L(Z,Ry), M, € £L(Z1,Ry) and N, € L(Z,R,)
are scales of linear operators (observation and output operators,
respectively).

If {y(-),z(-),&(-), ()} is a response of (15)-(18) and o, @, 3,5 € R, are

arbitrary scale parameters the function

s(-, @) = (Day(") + Ea&(+), Daz(-) + Ez¢()) (19)

is called observation (measurement or time series) and the function

r(-,8,8) = (May() + Np&(-), Maz(-) + Nz((), (20)
is called (unobservable) output of (15)-(18).
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3 Observations for bifurcations G

Definition 1 (continued)
For two responses  {yi(),zi(:),&(-),Gi()}, i=1,2,
of (15)-(18) and arbitrary scale parameters o, &, 8,3 € R we define the

deviations

Ay() =n() —y(), Az()=2a() - 2(),
AL() =&a() —&(), Ad)=al)-¢(),

B s(a)? = [DaBy() + EaDECIE, |
A3( &) = 1Dat 2() + Ea A O,

Ar(,B)? = |MgAy(-) + NsAEC) Iz, ,
AF(-, B = |[MzAz(-) + NBAC(')H%B ,

(21)

(24)

Bifurcation on a finite time interval
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Definition 2

Suppose that a > 0,b > 0(a < b) and t; > 0 are numbers. The

observation (19) is determining for the bifurcation “loss of

(a, b, t1)-stability” of the output (20) at ¢ = g* ithhere exist continuous

near g* real-valued functions a(-), &(-), 3(-) and S3(-) with the properties:
a) For g = g1 the observation (19) with o = a(q1), & = @(q1) is
determining for the (a, b, t1)-stability of the output (20) with

B = B(q1), 8= ﬁ(ql) i.e., there exists an €1 = £1(q1) > 0 such that for

arbitrary two responses (21) and their deviations (22) - (24) which satisfy

Ar(0,8(q1))> + AHO, B(q1))* < a (25)
the observation property
/0 "B s(t a(q))? + AE(t, (qr)2dt < ex (26)

for a time t* € (0, t) implies the output property
Ar(t, B(qu))? + AF(t, B(qu))> < b, Vit e (0, ).
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3 0b

Definition 2 (continued)

b) For g = g» the observation (19) with a = a(q2), & = a(q2) is
determining for the (a, b, t1)-instability of the output (20) with

8= ﬂ(qg),ﬁ = B(qz), i.e., there exists an g, = £2(g2) > 0 such that for
arbitrary two responses (21) and their deviations (22) — (24) which satisfy

(25) the observation property
t*
| 1as(.a(@)? + As(e,a(e) it > e
0

for a time t* € (0, t;) implies the output property

Ar(t*,B(q2))> + AF(t*, B(q2))* > b.

15 / 35
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3 Observations for bifurcatios

Definition 3

Suppose that g € Q is arbitrary and a, &, 3, 5 € R, a > 0 are arbitrary
numbers. The observation (19) is determining for the a-convergence of the
output (20) if for any two responses (21) of (15) — (18) and their
deviations (22) — (24) from

t+1
/ [As(r, )2 + AE(r,&)2]dT — 0 (27)
t
for t— 400 it follows that
limsup[A r(t, )% 4+ AF(t, 5)?] < a. (28)
t—4o0 )

16 / 35
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4.1 Description of the uncertainty nonlinear part

Consider the system (15) — (18) with arbitrary but fixed g € Q. Suppose
that F(-,-,q) and G(-,-, q) are quadratic forms on Y; X =. The class
MN(F, G) of nonlinearities for (15) consists of all set-valued maps

QD(-,-,-,q)ZR+XWXT—>25 (29)
satisfying the following property: For any sufficiently large
to, T,0 < ty < T, and any pairs of functions
n(),y2(-) € L2(0, T; Y1), 21(+), 22(-) € L?(0, T; Z1) and
fl(')7§2(') € L2(07 T,E) with
&i(t) € p(t, C(q)yi(t), Gi(q)zi(t),q), i=1,2, aa.tel0,T], (30)
and HCl(q)Z,'(t)H'r <A, =12, aa.te [1.'0, T], (31)
where A > 0 is a small number depending on the second subsystem (17),
(18), it follows that

F(yi(t) — ya(t), &(t) — &2(t),q) >0 aa.t € [to, T]. (32)
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There exist a continuous function ¢ : W — R (generalized potential) and
numbers A = \(¢) > 0 and v = y(q) > 0 such that

/ GOn(r) — yalr), &1(r) — &a(r), q)dr
> 210(C(a (1) — Claya(t) — H(C(@ha(s) — C(a)ya(s))]

+)\/t¢(C(q)y1(7') — C(q)y2(7))dT forall s, te(t, T],s<t,

and
O(C(q)ya(t) — C(a)ya(t)) = AIC(q)n () = C(q)ya () 1Ty
aa. tet, T] (33)
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4.2 Assumptions for the existence of determining observers

Let T > 0 be an arbitrary number, L?(0, T; Y;),j = 1,0, —1, measurable
spaces with norm |[y(-)||2; = (fo lly () H2dt)1/2 Let 201 be the space of

functions y(-) € L2(0, T; Y1) for which y( ) € L2(0, T; Y_1) equipped with
the norm

ly O llawr = (lyOl3s + 1y C)IE - (34)
(A1) There exists a number A = A(q) > 0 such that for any T > 0 and
any element f € L2(0, T; Y_;) the problem

= (A(q) + Al)y +£(t),¥(0) = wo, (35)

is well-posed, i.e., for arbitrary yo € Yo, f(-) € L2(0, T; Y_1) there exists a

unique solution y(-) € W satisfying (36) and depending continuously on

the initial data, i.e., Hy()HgUT < allyoll§ + 2l ()31, where ¢; > 0 and
¢> > 0 are some constants.
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4 Frequency-domain conditions oSNNI

(A1) (continued)

Furthermore, any solution of y = (A(q) + Al)y, y(0) = yo, is exponentially
decreasing for t — 400, i.e., there exist constants c3 > 0 and £ > 0 such
that [[y(t)]lo < cse™*[lyollo, t > 0.

(A2) There exists a number A = A(q) > 0 such that the operator
A(q) + Al € L(Y1, Y1) is regular, i.e., forany T >0,y € Y1,zT1 € V)
and f € L%(0, T; Yp) the solutions of the direct problem

y = (A(g) + Al)y + £(t),y(0) = yo,
and of the associated dual problem

2= —(A(q) + A1)z + £(£),2(T) = zr.

are strongly continuous in t in the norm of Yj.
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4 Frequency-domain conditions for dEESrIRINEICRSRNNNN.
(A3) There exist numbers A = A\(g) > 0,6 = d(q) > 0 and o = a(q) such
that the following two properties hold:

a) F(y,£q)+G(y,& q) — 8||DSy + ES€ll5 <0,
Y(y,€) € Y x Z3w e R - iwy = (A(q) + M)y + BY()E; (36

b)  The functional
J(r(),€()) 2/0 [FE(y(),&(7), @) + G (¥(7),&(7), q) —

SIDEy(7) + ESE(r) %] dr

is bounded from above on the set

My, = {y(-), () 1y = (A°(q) + M)y + B(q)¢,

y(0) = yo,y(-) € WS, , &() € L%(0,00;Z°} forany yp € Vg

Here F¢, G, DS, ES, A%, 1€, B¢, 55,205, =€ denote the usual
complexification of quadratic forms, linear operators and Hilbert spaces,
respectively.
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Theorem 1

Suppose that there exist numbers A = A\(¢q) > 0,8 = §(q) > 0 and

a = a(q) such that the assumptions (A1) — (A3)are satisfied. Suppose
also that for any solutions of (15) — (18) there are a time o > 0 and a
number A > 0 such that (31) is fulfilled for any T > t;. Then the
observation

5() = (Da}/(') + Ea&(')a 0) (37)

is determining for the output a-convergence in (15), (18) with respect to
the output

r() =w() = C(ay(), (38)

where a > 0 is a certain number depending on W(-, q) in (15).

D.Kalinichenko, V. Reitmann (SPbSU) Bifurcation on a finite time interval 22 / 35



4 Fr

4.3 Completeness defect of the observation operators

The frequency-domain condition (A3) depends on embedding properties of
the Sobolev spaces under consideration. Assume, for example, that
G=0,E,=0and F(y,&q) = qilyll3 — a2llyli?, (v,€) € Yo x =, where
g1 and gy are certain real constants and ¢ = (g1, ¢2) € Q. In order to
verify (36) we introduce the frequency-domain characteristic

x(iw, q) = (iwl€ — AS(q))1B¢(q) for w € R s.t. iw € p(AS(q)), where
AS(q) = A°(q) + AI€. The frequency-domain condition (36) is satisfied if

a1l x(iw, )€1 %e — ellx(io, q)él3s — dlIDEX (i, g)€ )15 <O,
VE €= Vw e R:iw € p(AS(q)). (39)
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4 Frequency-domain conditions oSNNI

Suppose that from the embedding Y C Y5 C Y<; and the properties of
D, we have the a priori estimate

IvI3s < allviiye + epg D5 vIEe » Vv € YT, (40)
where ¢; > 0 and ¢ > 0 are certain constants and
ez = cos (V£ Y§) = sup{[lwllvs : w € Y, Dfw = 0, [wllvg < 1}

is the completeness defect of the observation operator D with respect to
the embedding Y C Y{. It follows from (40) that the frequency-domain
condition (39) is satisfied if

quetllx(iw, 9)€l % — azllx(iw, q)&|I3 + qreaeg DEX(iw, )€l —
0IDEx(iw, q)Ell5s <0, VEEZS, VweR:iwep(AS(q).  (41)
For (41) it is sufficient that

qict —q2<0 and qicep:s —6 <0. (42)
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4 Frequency-domain conditions oSNNI

The inequalities (42) describe a subset in the space of parameters of the
variational inequality and of the observation operator. The second condition
from (42) is always satisfied if epc is sufficiently small. Suppose that

Doy = (¢1(y),---,2k(y)), where ¢; : Y1 = R, i =1,..., k, are continuous
linear functionals and Y7 = W*2(Q), Yy = W2(Q) with s > 0. Then

Eps ~ cl(c—kz)s_", i.e., the completeness defect of the observation operator
D, depends on the smoothness properties of the embedding Y C Yj .

D.Kalinichenko, V. Reitmann (SPbSU) Bifurcation on a finite time interval 25 / 35



5 Frequency-domain conditions oGNS NN

Let us consider the hybrid system (15) — (18) with W = 0 as a first order
variational equation with a set-valued nonlinearity. For this we define the
new variables

y=2), w=(wz2), £=(£0), n=®7), (43)
the product spaces
YVi=YixZ,i=10-1, W=WxT, U==x2Z, (44)
the parameter-dependent operator matrices

_[Al@ 0 _| Bl _
O R LA O A B O R COR=TO!

(45)
and the nonlinear set-valued map

50('7 e q) = ((p(v B q)’ g(v ) q)) : R-I— XW — 2E X Z. (46)
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Thus we can write the coupled system (15) — (18) as first order variational
equation with set-valued nonlinearity in J_1 as

y = A(q)y + B(q)¢, (47)
w(t) =C(q)y(t), &(t) € p(t,w(t),q). (48)

The scales of observation resp. output spaces for (47), (48) are
Sa=Sa x5, Ra=RaxRs, a=(a,d)eR?, (49)

the scales of observation resp. output operators are

Da 0 C[E 0 [ M. 0
,Doc:|:0 D&:|7 goc—|: ":|7 Ma—[ Y :|7

0 Es
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It is clear that

Da S »C(ylysa)a ga S /:,(U,Sa), Ma S /:'(ylaRa)y
Na € LU, Ra), o cR?. (51)

If {y(-),€(-)} is a response of (47), (48) and «, 3 € R? are
arbitrary scale parameters the function

s(-,a) = DaY(') +go<€() (52)
is the observation and
r(-,8) = Mgy() + Ng&(-) (53)

is the output of (47), (48).
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Definition 4

Suppose that F und G are quadratic forms on Y1 x U. The class of
nonlinearities M(F, G) for (47), (48) defined by F(-,-,q) and G(-,, q)
consists of all maps (46) such that the following conditions are satisfied:
For any T > 0 and any two functions y(-) € L?(0, T; Y1) and

£(-) € L2(0, T;U) with

£(t) € p(t,C(q)y(t),q), aa.te[0,T], (54)

it follows that
F(y(t),&(t),q) >0, aa. te0,T], (55)

and there exists a continuous function ® : )y — R such that

/ Gy(r). £(t), g)dr > D(C(q)y(8)) — P(C()y(s)) (56)

forall 0<s<t<T.
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5 Frequency-domain conditions oGNS NN

In the sequel we need the following assumptions for any g € Q:

(A4) The operator A(q) € L(V1,YV-1) is regular, i.e., for any T > 0,
Yo € Vi,V € Yy and f € L2(0, T; ))p) the solutions of the direct problem

y=A(q)y +f(t), y(0)=yo, aa t€[0,T]
and of the dual problem
V=—A*(qW+f(t), WT)=WVr, aa tel0,T],

are strongly continuous in t in the norm of ).

(A5) The pair (A(q),B(q)) is L?-controllable, i.e., for arbitrary y, € Vo
there exists a control £(-) € L?(0,00;U) such that the problem

y = A(q)y +B(q)¢, y(0) =y,

is well-posed on [0, +00).
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Definition 5

The variational equation (47), (48) is said to be absolutely dichotomic in
the class M(F,G) with respect to the output r(-,3) from (53) if for any
response {y(-),&(:)} of (47), (48) with y(0) = yg,&(0) = &g the following
is true:

Either y(-) is unbounded on [0, c0) in the Yo-norm or y(-) is bounded in )y
in this norm and there exist constants ¢; and ¢, (which depend only on

A(q),B(q) and M(F,G)) such that

IMaY() + €574 < clllyoll3, + c2).
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Theorem 2

Suppose that ¢ € 9M(F,G) and that for the operators A(q) and B(q) the
assumptions (A4) and (A5) are satisfied. Suppose also that there exists a
1 > 0 such that the frequency-domain condition

Fo(y:€,9) +G°(y,€,9) — ul May + E5 €l , <0,
V(y,€) € Vi x U : Jw e R with iwy = A°(q)y + B°(q)¢

is satisfied and the functional 0

J(y(-),€(-):9) :/0 [F<(y(7), &(7), 9) + (57)
Ge(y(7),&(7), a) — ullMgey(7) + 555(7)”3%](!7
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Theorem 2 (continued)

is bounded from above on the set

My, = {y(-),&€(-) : y = A°(q)y + B(q)&,y(0) = yo ,
y(-) €S, &() € L7(0,00;U )}

for any yo € V5. Assume additionally that any potential ® from the class
M(F,G) is nonnegative and there exists a constant ¢ > 0 such that

o(C(q)y) < cllyll3,, Yy € Do

Then the equation (47), (48) is absolutely dichotomic in the class D¥(F, G)
with respect to the output r(-,3) from (53).

o
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Thank you
for your attention!
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