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1 Basi
 notation

Suppose that Y

0

is a real Hilbert spa
e with (·, ·)
0

and ‖ · ‖
0

as s
alar

produ
t resp. norm.

Suppose also that A : D(A) ⊂ Y

0

→ Y

0

is an unbounded densely de�ned

linear operator.

The Hilbert spa
e Y

1

is de�ned as D(A) equipped with the s
alar produ
t

(y , η)
1

:= ((βI − A)y , (βI − A)η)
0

, y , η ∈ D(A) , (1)

where β ∈ ρ (A) ∩R (ρ(A) the resolvent set of A) is an arbitrary but �xed

number.

The Hilbert spa
e Y−1

is by de�nition the 
ompletion of Y

0

with respe
t to

the norm ‖z‖−1

:= ‖(βI − A)−1

z‖
0

. Thus we have the dense and


ontinuous imbeddings

Y

1

⊂ Y

0

⊂ Y−1

(2)

whi
h is 
alled Hilbert spa
e rigging stru
ture. In this triple, Y

0

is the pivot

spa
e, Y

1

is the interpolation spa
e, and Y−1

is the extrapolation spa
e

(Triebel, 1978).
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1 Basi
 notation

The �s
alar produ
t� (·, ·)−1,1 on Y−1

× Y

1

is the unique extension by


ontinuity of the s
alar produ
t (·, ·)
0

de�ned on Y

0

× Y

1

.

If T > 0 is an arbitrary number we de�ne the norm for Bo
hner measurable

fun
tions in L

2(0,T ;Y
j

) , j = 1, 0,−1, through

‖y(·)‖
2,j :=

(
∫

T

0

‖y(t)‖2
j

dt

)

1/2

. (3)

Let W
T

be the spa
e of fun
tions y(·) ∈ L

2(0,T ;Y
1

) for whi
h
ẏ (·) ∈ L

2(0,T ;Y−1

) equipped with the norm

‖y(·)‖W
T

:= (‖y(·)‖2
2,1 + ‖ẏ(·)‖2

2,−1

)1/2 . (4)
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2 Evolutionary variational inequalities

Suppose Y

1

⊂ Y

0

⊂ Y−1

is a real Hilbert spa
e rigging stru
ture with

A ∈ L(Y
1

,Y−1

). Assume that Ξ and W are two real Hilbert spa
es with

s
alar produ
ts (·, ·)Ξ , (·, ·)W and norms ‖ · ‖Ξ , ‖ · ‖W , respe
tively.

Introdu
e the linear 
ontinuous operators

B : Ξ → Y−1

, C : Y−1

→ Ξ (5)

and de�ne the set-valued map

ϕ : W → 2

Ξ
(6)

and the map

ψ : Y
1

→ R+ ∪ {+∞} . (7)

Note that in appli
ations ϕ is a material law nonlinearity, ψ is a


onta
t-type or fri
tion fun
tional and w(t) = Cy(t) is the input of the
nonlinearity.

(ẏ − Ay − Bξ, η − y)−1,1 + ψ(η) − ψ(y) ≥ 0 , ∀η ∈ Y

1

, (8)

w(t) = Cy(t) , ξ(t) ∈ ϕ(w(t)) , y(0) = y

0

∈ Y

0

. (9)
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2 Evolutionary variational inequalities

Remark 1

In the 
onta
t free 
ase when ψ ≡ 0 the evolutionary variational inequality

(8), (9) is equivalent to an evolution equation with a set-valued

nonlinearity ϕ given by

ẏ = Ay + Bξ in Y−1

, (8)
′

w(t) = Cy(t) , ξ(t) ∈ ϕ(w(t)) , y(0) = y

0

∈ Y

0

. (9)
′

De�nition 1

A fun
tion y(·) ∈ W
T

∩ C (0,T ;Y
0

), is said to be a solution of (8), (9) on

(0,T ) if there exists a fun
tion ξ(·) ∈ L

2(0,T ; Ξ) su
h that for a.a.

t ∈ (0,T ) the inequality (8), (9) is satis�ed and

T

∫

0

ψ(y(t))dt < +∞. The

pair {y(·), ξ(·)} is 
alled a response of (8), (9); ξ(·) is an asso
iated

sele
tion.
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2 Evolutionary variational inequalities

Suppose that F ,G and H are quadrati
 forms on Y

1

× Ξ. The 
lass
N (F ,G )(N (F ,G ,H)) of nonlinearities for (8), (9) 
onsists of all maps (6)

su
h that the 
ondition a) (
onditions a) and b)) is (are) satis�ed:

a) For any T > 0 and any two fun
tions y(·) ∈ L

2(0,T ;Y
1

) and
ξ(·) ∈ L

2(0,T ; Ξ) with

ξ(t) ∈ ϕ(Cy(t)) , a.a. t ∈ [0,T ] , (10)

it follows that

F (y(t), ξ(t)) ≥ 0 , a.a. t ∈ [0,T ] , (11)

and there exists a 
ontinuous fun
tion Φ : Y
1

→ R (generalized potential)

and numbers λ > 0 and γ > 0 su
h that

t

∫

s

G

(

y(τ), ξ(τ)
)

dτ ≥
1

2

[

Φ(y(t))− Φ(y(s))
]

+ λ

∫

t

s

Φ(y(τ)dτ (12)
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2 Evolutionary variational inequalities

for all

0 ≤ s < t ≤ T

and

Φ(y) ≥ γ‖y‖2
0

, ∀y ∈ Y

0

. (13)

b) For any T > 0 and any two pairs of fun
tions

y

1

(·), y
2

(·) ∈ L

2(0,T ;Y
1

) and ξ
1

(·), ξ
2

(·) ∈ L

2(0,T ; Ξ)

with ξ
i

(t) ∈ ϕ(Cy
i

(t)) , i = 1, 2 , a.a. t ∈ [0,T ] ,

it follows that H(y
1

(t)− y

2

(t), ξ
1

(t)− ξ
2

(t)) ≥ 0 , a.a. t ∈ [0,T ].

(A1) For �xed linear operators A,B ,C , �xed fun
tion (7), arbitrary

y

0

∈ Y

0

, T > 0 and ϕ ∈ N (F ,G ,H)(ϕ ∈ N (F ,G )) there exists a

response {y(·), ξ(·)} of (8), (9).
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2 Evolutionary variational inequalities

Example 1

Suppose that Ω ⊂ R
n

is a domain with smooth boundary Γ = ∂ Ω ,
h : Γ → R is a given s
alar fun
tion (�outer pressure�) and u(x , t) (� inner
pressure�) is a solution of

∂u

∂t
= △u in Ω× R+ (14)

subje
t to the boundary 
onditions

u = h on Γ× R+ ⇒
∂u

∂n
≥ 0 , (15)

u > h on Γ× R+ ⇒
∂u

∂n
= 0 (16)

and the initial 
ondition

u(·, 0) = u

0

. (17)
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2 Evolutionary variational inequalities

Example 1 (
ontinued)

The system (14) − (17) des
ribes the transfer problem of �uid a
rossing a

semi-permeable membrane (Lions, 1969).

Instead of (15) − (16) we 
onsider the (nonlinear) boundary 
ondition

∂u

∂n
≥ g on Γ×R+ , (18)

where g : R → R is a given fun
tion.

In order to get a representation of (14) − (18) in the form of a variational

inequality (8), (9) we introdu
e the spa
es

Y

0

:= L

2(Ω) ,

Y

1

:= W

1,2(Ω) = {v ∈ L

2(Ω) :
∂v

∂x
i

∈ L

2(Ω) , i = 1, 2, . . . , n} and

Ξ := W

−1/2,2(∂Ω) .
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2 Evolutionary variational inequalities

Example 1 (
ontinued)

An operator A ∈ L(Y
1

,Y−1

) is de�ned by

(Au, v)−1,1 = −

∫

Ω

n

∑

i=1

∂u

∂x
i

∂v

∂x
i

dx , ∀u, v ∈ Y

1

. (19)

The operator B ∈ L(Ξ,Y−1

) is given by

(Bξ, y)−1,1 = −

∫

∂Ω
ξydS , ∀ξ ∈ Ξ , ∀y ∈ Y

1

, (20)

the nonlinear map ϕ : Y
1

→ Ξ is given by

ϕ(y(x)) := g (y)(x) on Γ , (21)

and the �
onta
t fun
tional� ψ : Y
1

→ R+ ∪ {+∞} is de�ned by

ψ(η) :=

{

0 if η(x) ≥ h(x) on Γ ,
+∞ in other 
ases.

(22)
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2 Evolutionary variational inequalities

Example 1 (
ontinued)

Thus the transfer problem of �uid (14) − (18) 
an be 
onsidered as

evolutionary variational inequality

(ẏ − Ay − Bξ , η − y)−1,1 + ψ(η) − ψ(y) ≥ 0 , ∀η ∈ Y

1

, (23)

ξ(t) = ϕ(y(t)) , y(0) = y

0

∈ Y

0

. (24)

Let us des
ribe the 
lass N (F ,G ) for (23), (24). We assume that the

nonlinearity ϕ from (21) has the following two properties:

(H1) ∃µ
0

> 0 ∀y
1

, y
2

∈ Y

1

:

0 ≤ (Bϕ(y
1

)− Bϕ(y
2

) , y
1

− y

2

)−1,1 ≤ µ
0

‖y
1

− y

2

‖2
1

. (25)

(H2) There exist a Fr�e
het di�erentiable map Φ : Y
0

→ R and a number

λ > 0 su
h that with the Fr�e
het derivative Φ
′

∈ L(Y
0

,R) the inequality

(ϕ(y), η)
1

≥ Φ
′

(y)η + λΦ(η) , ∀η ∈ Y

1

is satis�ed. (26)
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2 Evolutionary variational inequalities

Example 1 (
ontinued)

It is 
lear that (25) and (26) 
an be 
onsidered as a monotoni
ity 
ondition

and a potential-type 
ondition, respe
tively. Using (25) we 
an introdu
e

the quadrati
 form

F (y , ξ) := µ
0

‖y‖2
1

− (Bξ, y)−1,1 , (y , ξ) ∈ Y

1

× Ξ , (27)

whi
h satis�es (11). The inequality (26) 
an be used to de�ne the

quadrati
 form

G (y , ξ) := (G
1

Ay , ξ)Ξ + (G
2

Bξ, ξ)Ξ on Y

1

× Ξ (28)

with G

i

: Y−1

→ Ξ (i = 1, 2). It is easy to see that the form G from (28)

and the generalized potential Φ from (26) satisfy the inequality (12) .
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3 Determining observations

a) Observations that are determining for the dissipativity

Suppose S is a real Hilbert spa
e (observation spa
e), M : Y
1

→ S is a

given linear bounded operator (observation operator),

P ∈ L(Y−1

,Y
0

) ∩ L(Y
0

,Y
1

),P = P

∗
in Y

0

, is also given su
h that the

following 
onditions are satis�ed.

1) V

1

(y) := 1

2

(y ,Py)
0

≥ 0 , ∀y ∈ Y

0

;

2) V (y) := V

1

(y) + 1

2

Φ (y) ≥ 
onst · ‖y‖2
0

, ∀ y ∈ Y

0

;

3) There exist numbers λ > 0 and µ > 0 su
h that for an arbitrary

solution y(·) of (8), (9) the fun
tion m(t) := V (y(t)) satis�es

ṁ(t)+2λm(t)+ψ(y (t))−ψ(−Py(t)+y(t)) ≤ µ‖My(t)‖2
S

, a.a. t ≥ 0.

(29)
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3 Determining observations

Then the observation

σ(t) := µ‖My(t)‖2
S

(30)

is determining for the dissipativity with domain D of (8), (9), i.e., the

property

∫

t+1

t

‖My(τ)‖2
S

dτ → 0 for t → +∞

implies that

lim sup

t→+∞

m(t) ≤ C and,


onsequently, (8), (9) is (point) dissipative with domain of dissipativity

D :=
{

y ∈ Y

0

: ‖y‖2
0

≤
2C

γ

}

. (31)

A. V. Kruk and V. Reitmann (SPbSU) Upper Hausdor� dimension estimates 14 / 41



3 Determining observations

b) Observations that are determining for the 
omplete deviation of arbitrary

two solutions

Suppose M ∈ L(Y
1

,S) is given as in a). Suppose also that there exist an

operator P

1

∈ L(Y−1

,Y
0

) ∩ L(Y
0

,Y
1

) , P
1

= P

∗
1

in Y

0

, numbers

λ
1

> 0, α
1

> 0, δ
1

> 0 and µ
1

> 0 su
h that for arbitrary two solutions

y

1

(·), y
2

(·) of (8), (9) the fun
tion

m

1

(t) :=
(

y

1

(t)− y

2

(t), P
1

(

y

1

(t)− y

2

(t)
)

)

0

satis�es for a.a. t > 0 the inequality

ṁ

1

(t) + 2λ
1

m

1

(t) + ψ(y
1

(t))− ψ(y
1

(t)− P

1

(y
2

(t)− y

1

(t)))

−ψ(y
2

(t) + P

1

(y
1

(t)− y

2

(t))) + ψ(y
2

(t)) (32)

+ δ
1

‖e−α
1

t(y
1

(t)− y

2

(t))‖2
0

≤ µ
1

‖M(y
1

(t)− y

2

(t))‖2
S

.
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3 Determining observations

Then the observation σ
1

(t) = µ
1

‖M(y
1

(t)− y

2

(t))‖2
S

is determining for

the 
omplete deviation y

1

(t)− y

2

(t) , i.e. , the property

∫

t+1

t

‖M(y
1

(τ)− y

2

(τ))‖2
S

dτ → 0 for t → +∞ (33)

implies that for a.a. t > 0

‖y
1

(t)− y

2

(t)‖2
0

≤ 


1

e

2α
1

t‖y
1

(0)− y

2

(0)‖2
0

, (34)

where 


1

> 0 is a 
ertain 
onstant not depending on the solutions.

The inequality (34) follows from (32) sin
e

∫

∞

0

‖e−α
1

t(y
1

(t)− y

2

(t))‖2
S

dt < +∞. (35)
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3 Determining observations


) Observations that are determining for the 
onvergen
e in a subspa
e of


odimension n

Suppose M ∈ L(Y
1

,S) is given as in a). Suppose also that there exist an

operator

P

2

∈ L(Y−1

,Y
0

)∩L(Y
0

,Y
1

),P
2

= P

∗
2

in Y

0

, a natural number n, numbers

λ
2

> 0 ,

α
2

> 0 , δ
2

> 0 and µ
2

> 0 su
h that for arbitrary two solutions y

1

(·), y
2

(·)
of (8), (9) the fun
tion

m

2

(t) := (y
1

(t))− y

2

(t) ,P
2

(y
1

(t)− y

2

(t)))
0

satis�es for a.a. t > 0 the inequality

ṁ

2

(t) + 2λ
2

m

2

(t) + ψ(y
1

(t))− ψ(y
1

(t)− P

2

(y
2

(t)− y

1

(t)))

−ψ(y
2

(t) + P

2

(y
1

(t)− y

2

(t))) + ψ(y
2

(t))

+δ
2

‖e−α
2

t(1− π
n

)(y
1

(t)− y

2

(t))‖2
0

≤ µ
2

‖M(y
1

(t)− y

2

(t)‖2
S

. (36)
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3 Determining observations

Then the observation σ
2

(t) := µ
2

‖M(y
1

(t)− y

2

(t))‖2
S

is determining for

the 
onvergen
e in a subspa
e of Y

1

of 
odimension n, i.e., the property

∫

t+1

t

‖M(y
1

(τ)− y

2

(τ))‖2
S

dτ → 0 for t → +∞ (37)

implies that for a.a. t > 0

‖(1− π
n

)(y
1

(t)− y

2

(t))‖2
0

≤ 


2

e

−2α
2

t‖y
1

(0)− y

2

(0)‖2
0

, (38)

where 


2

> 0 is a 
ertain 
onstant not depending on the solutions. Again

the inequality (38) follows from (36) sin
e

∫

∞

0

‖eα2

t(y
1

(t)− y

2

(t))‖2
0

dt < +∞ . (39)
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3 Determining observations

Remark 2

Determining observations (also 
alled �determining fun
tionals�) are

introdu
ed by Foias and Prodi, 1967, Ladyzhenskaya, 1975, Foias and

Temam, 1984, Chueshov, 1996, 1999. Inverse problems for variational

inequalities (parameter identi�
ation problems) are 
onsidered by Ho�mann

and Sprekels, 1986, Maksimov, 1992 and other authors.

Theorem 1

Suppose that for the variational inequality (8), (9) there exist observations

that are determining for the dissipativity with domain D, determining for

the 
omplete deviation and determining for the 
onvergen
e in a subspa
e

of 
odimension n, respe
tively. Then any positively invariant for (8), (9)


ompa
t set in D has a �nite fra
tal dimension.
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3 Determining observations

Idea of proof: The inequalities (29), (34) and (38) are the essential

su�
ient parts for the use of Ladyzhenskaya's theorem (see also Chuesov's

version of this theorem in Chueshov, 1999).

Theorem 2 (Ladyzhenskaya, 1975)

Suppose K is a 
ompa
t set in the Hilbert spa
e (Y , ‖ · ‖) and
φ : K → φ(K) is a 
ontinuous map with K ⊂ φ (K) and su
h that

‖φ(y)−φ(η)‖ ≤ l‖y−η‖ , ‖(1−π
n

)(φ(y)−φ(η))‖ ≤ q‖y−η‖ , ∀y , η ∈ Y .

Here l ≥ 0 , 0 ≤ q < 1 are 
onstants, π
n

is the orthoproje
tor in Y on a

subspa
e of dimension n.

Then dim

F

K ≤ n ln

2ν2l2

1− q

2

(

ln

2

1+ q

2

)−1

(ν is an absolute 
onstant).

A. V. Kruk and V. Reitmann (SPbSU) Upper Hausdor� dimension estimates 20 / 41



4 Frequen
y-domain 
onditions for the existen
e of

determining observations

(A2) There exists a number λ > 0 su
h that for any T > 0 and any

f ∈ L

2(0,T ;Y−1

) the problem

ẏ = (A+ λI )y + f (t) , y(0) = y

0

(40)

is well-posed, i.e., for arbitrary y

0

∈ Y

0

, f (·) ∈ L

2(0,T ;Y−1

) there exists an
unique solution y(·) ∈ W

T

satisfying (40) in the sense

(ẏ , η)−1,1 = ((A+λI )y , η)−1,1+(f (t) , η)−1,1 , ∀η ∈ Y

1

, a.a. t ∈ [0,T ] ,
(41)

and depending 
ontinuously on the initial data, i.e.,

‖y(·)‖2W
T

≤ 


1

‖y
0

‖2
0

+ 


2

‖f (·)‖2
2,−1

, (42)

where 


1

> 0 and 


2

> 0 are some 
onstants. Furthermore, any solution of

ẏ = (A+ λI )y , y(0) = y

0

(43)

is exponentially de
reasing for t → +∞ , i.e., there exist 
onstants 


3

> 0

and ε > 0 su
h that

‖y(t)‖
0

≤ 


3

e

−εt‖y
0

‖
0

, t > 0 . (44)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

(A3) There exists a number λ > 0 su
h that the operator

A+ λI ∈ L(Y
1

,Y−1

) is regular, i.e., for any T > 0, y
0

∈ Y

1

, z
T

∈ Y

1

and

f ∈ L

2(0,T ;Y
0

) the solutions of the dire
t problem

ẏ = (A+ λI )y + f (t), y(0) = y

0

, a.a. t ∈ [0,T ] , (45)

and of the dual problem

ż = −(A+ λI )∗z + f (t), z(0) = z

T

, a.a. t ∈ [0,T ] , (46)

are strongly 
ontinuous in t in the norm of Y

1

.

The elements of the 
omplexi�
ation Y




0

of the real Hilbert spa
e Y

0


an

be written as x + iy with x , y ∈ Y

0

, and the inner produ
t of Y




0

will be

denoted by (·, ·)
Y




0

. The 
omplexi�
ation of the other spa
es are de�ned in

a similar way.
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

For the linear operator A : Y
1

→ Y−1

we denote by A




the linear operator

A


 : Y 


1

→ Y




−1

de�ned by A


(x + iy) = Ax + iAy . Again, the


omplexi�
ation of the other linear operators whi
h will appear below, is

de�ned in a similar way. Consider now the 
omplexi�
ation of the quadrati


form F (similarly of G ). Suppose that

F (y , ξ) = (F
1

y , y)−1,1 + 2(F
2

y , ξ)Ξ + (F
3

ξ, ξ)Ξ (47)

for (y , ξ) ∈ Y

1

× Ξ, where F
1

= F

∗
1

∈ L(Y
1

,Y−1

),F
2

∈ L(Y
1

,Ξ) and
F

3

= F

∗
3

∈ L(Ξ,Ξ).
The 
omplexi�
ation of the quadrati
 form (47) is the Hermitian form F




de�ned on Y




1

× Ξ


by

F


 (y , ξ) = (F 


1

y , y)
Y




−1

,Y 


1

+ 2Re (F 


2

y , ξ)Ξ
 + (F 


3

ξ, ξ)Ξ
 . (48)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

(A4) (Frequen
y-domain 
ondition)

There exist numbers λ > 0 and µ > 0 su
h that the following two

properties hold:

a) F 
(y , ξ) + G


(y , ξ) − µ‖M


y‖2
S




≤ 0 (49)

∀ (y , ξ) ∈ Y




1

× Ξ
 : ∃ω ∈ R with iω y = (A
 + λI 
)y + B


 ξ ;

b) The fun
tional J(y(·), ξ(·)) := (50)

∫

∞

0

[F 
 (y(τ), ξ(τ)) + G


(y(τ), ξ(τ)) − µ‖M


y(τ)‖2
S




] dτ

is bounded from above on the set

M
y

0

:=
{

y(·), ξ(·) : ẏ = (A
 + λI 
)y + B


ξ,

y(0) = y

0

, y(·) ∈ W 


∞ , ξ(·) ∈ L

2(0,∞; Ξ
 )
}

for any y

0

∈ Y




0

, i.e., for any su
h y

0

there exists a γ(y
0

) ∈ R su
h that

J(y(·), ξ(·)) ≤ γ(y
0

).
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Theorem 3

Suppose that there exist numbers λ > 0 and δ > 0 su
h that the

assumptions (A1) - (A4) are satis�ed for (6) - (9) with ϕ ∈ N (F ,G ) and
an observation given by (30). Then the observation (30) is determining for

the dissipativity of (8), (9) with domain D given by (31).

Idea of the proof: We try to �nd an operator

P = P

∗ ∈ L(Y−1

,Y
0

) ∩ L(Y
0

,Y
1

) with (y ,Py)
0

≥ 0 , ∀y ∈ Y

0

, and

numbers λ > 0, µ > 0 su
h that for any solution y(·) of (8), (9) and their

asso
iated generalized potential Φ from 
ondition (12) the integrated

inequality (29) is true on any time interval 0 < s < t, i.e.,

m(t)−m(s) + 2λ

∫

t

s

m(τ)dτ +

∫

t

s

p(τ)dτ ≤

∫

t

s

g(τ)dτ . (51)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

In (51) we have introdu
ed the fun
tions

m(t) :=
1

2

(

y(t),Py(t)
)

0

+
1

2

Φ(y(t)) , (52)

p(t) := ψ(y(t))− ψ
(

y(t)− Py(t)
)

, (53)

and

g(t) := −µ‖My(t)‖2
S

. (54)

In order to guarantee the inequality (51) we 
hoose an operator

P = P

∗ ∈ L(Y−1

,Y
0

) ∩ L(Y
0

,Y
1

) and numbers λ > 0, µ > 0 su
h that

(−(A+λI )v−Bζ,Pv)−1,1 ≥ F (v , ζ)+G (v , ζ)−µ‖Mv‖2
S

, ∀y ∈ Y

1

, ∀ζ ∈ Ξ .
(55)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

The existen
e of su
h a P with (y ,Py)
0

≥ 0 , ∀y ∈ Y

0

, follows due to

the assumptions (A2) − (A4) from the in�nite-dimensional version of the

Kalman-Yakubovi
h-Popov Lemma (Frequen
y Theorem (Brusin, 1976,

Likhtarnikov, Yakubovi
h, 1976). From (8), (9) it follows with v := y(t)
and ζ := ξ(t) that

(ẏ(t),Py(t))−1,1 + λ(y(t),Py(t))
0

− ((A+ λI )y(t)

+Bξ(t),Py(t))−1,1 + p(t) ≤ 0 , a.a. t > 0 . (56)

Using the estimate (55) we derive from (56) the inequality

(ẏ(t),Py(t))−1,1 + λ(y(t),Py(t))
0

+ F (y(t), ξ(t)) + G (y(t), ξ(t))

−µ‖My(t)‖2
S

+ p(t) ≤ 0 , a.a. t > 0 . (57)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Integration of (57) on the time interval 0 < s < t gives

1

2

(y(t),Py(t))
0

−
1

2

(y(s),Py(s))
0

+ λ

∫

t

s

(y(τ),Py(τ))
0

dτ

+

∫

t

s

F (y(τ), ξ(τ))dτ +

∫

t

s

G (y(τ), ξ(τ))dτ +

∫

t

s

p(τ)dτ

≤ µ

∫

t

s

‖Mv(t)‖2
S

dτ . (58)

From the inequalities (11) and (12) it follows that

∫

t

s

F (y(τ), ξ(τ))dτ ≥ 0 (59)

and

∫

t

s

G (y(τ), ξ(τ))dτ ≥
1

2

[

Φ
(

y(t)
)

− Φ
(

y(s)
)

]

+ λ

∫

t

s

Φ(y(τ))dτ ,

0 < s < t . (60)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Taking into a

ount now (58) − (60) we obtain that

1

2

(y(t),Py(t))
0

+
1

2

Φ(y(t))−
1

2

(y(s),Py(s))
0

−
1

2

Φ(y(s)) (61)

+2λ

∫

t

s

[

1

2

(

y(τ),Py(τ)
)

0

−
1

2

Φ
(

y(τ)
)

]

dτ +

∫

t

s

p(τ)dτ

≤ µ

∫

t

s

‖My(τ)‖2
S

dτ .

Now, we 
on
lude that (61) implies the inequality (51) with the fun
tions

m(·), p(·) and g(·) de�ned by (52) − (54) .
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Remark 2

The frequen
y-domain 
ondition (A4) depends on imbedding properties of

the Sobolev spa
es under 
onsideration. Assume, for example, that G ≡ 0

and

F (y , ξ) = β
0

‖y‖2
0

− β
1

‖y‖2
1

, (y , ξ) ∈ Y

0

× Ξ , (62)

where β
0

and β
1

are 
ertain real 
onstants.

In order to verify (49) we introdu
e the frequen
y-domain 
hara
teristi


χ(iω) := (iωI 
 − A




λ)
−1

B




(63)

for ω ∈ R s. t. iω ∈ ρ(A


λ) , where A



λ := A


 + λI 
 .
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Remark 2 (
ontinued)

It follows that the frequen
y-domain 
ondition (49) is satis�ed if

β
0

‖χ(iω)ξ‖2
Y




0

− β
1

‖χ(iω)ξ‖2
Y




1

− δ‖M
χ(iω)ξ‖2
S




≤ 0 ,

∀ ξ ∈ Ξ
 , ∀ ω ∈ R : iω ∈ ρ(A


λ) . (64)

Suppose now that from the imbedding Y




1

⊂ Y




0

⊂ Y




−1

and the properties

of the observation operator M we have the a priori estimate

‖v‖2
Y




0

≤ 


1

‖v‖2
Y




1

+ 


2

ε
M


‖M


v‖2
S




, ∀v ∈ Y




1

, (65)

where 


1

> 0 and 


2

> 0 are 
ertain 
onstants and

ε
M


 = ε
M


 (Y 


1

,Y 


0

) := sup {‖w‖
Y




0

: w ∈ Y




1

, M


w = 0

S


 , ‖w‖
Y




1

≤ 1}
(66)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Remark 2 (
ontinued)

is the 
ompleteness defe
t of the observation operator M




with respe
t to

the imbedding Y




1

⊂ Y




0

.

It follows from (65) that the frequen
y-domain 
ondition (64) is satis�ed if

β
0




1

‖χ(iω)ξ‖2
Y




1

− β
1

‖χ(iω)ξ‖2
Y




1

+ β
0




2

ε
M


‖M
χ(iω)ξ‖2
S




−

µ‖M
χ(iω)ξ‖2
S




≤ 0 ∀ ξ ∈ Ξ
 , ∀ω ∈ R : iω ∈ ρ(A


λ) . (67)

For (67) it is su�
ient that

β
0




1

− β
1

≤ 0 and β
0




2

ε
M


 − δ ≤ 0 . (68)
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4 Frequen
y-domain 
onditions for the existen
e of

determining observations

Remark 2 (
ontinued)

We see that if β
0




1

− β
1

≤ 0 the se
ond 
ondition of (68) is always

satis�ed if the 
ompleteness defe
t of the observation operator is small. In

this 
ase, assuming that the other assumptions for the Theorem 5.1 are

also satis�ed, it follows that the observation σ(t) = My(t) is determining

for the dissipativity .

Suppose that M

k

y := (l
1

(y), . . . , l
k

(y)), where l
i

: Y
1

→ R , i = 1, . . . , k ,

are 
ontinuous linear fun
tionals and Y

1

= W

s,2(Ω),Y
0

= W

σ,2(Ω) with
s > σ. Then ε

M


 ≈ 


1

( 
2
k

)s−σ
, i.e., the 
ompleteness defe
t of the

observation operator M

k

depends on the smoothness properties of the

imbedding Y




1

⊂ Y




0

(Triebel, 1978).
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5 Determining observations for se
ond-order vis
o-elasti



onta
t problems

A typi
al fri
tional 
onta
t problem is modeled by the following

se
ond-order evolutionary variational inequality (Duvant, Lions, 1976, Han,

Sofonea, 2000, Jaru
ek, E
k, 1996): Find a displa
ement fun
tion u su
h

that for a.a. t ∈ [0,T ]

(ü(t), v − u̇(t))V−1

,V
1

+ (A u̇(t), v − u̇(t))V−1

,V
1

+
(

g

(

u(t)
)

, v − u̇(t)
)

V−1

,V
1

+ j(v)− j

(

u̇(t)
)

≥ 0 , ∀ v ∈ V
1

, (69)

u(0) = u

0

∈ V
1

, u̇(0) = v

0

∈ V
0

. (70)

Here V
1

⊂ V
0

⊂ V−1

is a Hilbert spa
e rigging stru
ture, A : V
1

→ V−1

is

a linear 
ontinuous operator whi
h is 
alled vis
osity operator.

The nonlinear map g : V
1

→ V−1

is the elasti
ity operator and j : V
1

→ R+

represents the 
onta
t fun
tional.
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5 Determining observations for se
ond-order vis
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onta
t problems

Under a solution u of (69), (70) on (0,T ) we understand a fun
tion

u(·) ∈ L

2(0,T ;V
1

) su
h that

u̇(·) ∈ L

2(0,T ;V
1

), ü(·) ∈ L

2(0,T ;V
1

,
∫

T

0

j(u̇(τ))dτ <∞ , and (69), (70)

is satis�ed for a.a. t ∈ (0,T ).
Let us assume that for any (u

0

, v
0

) ∈ V
1

× V
0

and any time T > 0 a

solution of (69), (70) exists. In order to rewrite (69), (70) as a �rst-order

variational inequality (8), (9) we de�ne the produ
t Hilbert spa
e rigging

stru
ture Y

1

⊂ Y

0

⊂ Y−1

with

Y

0

= V
1

× V
0

, Y

1

= V
1

× V
1

, Y−1

= V
0

× V−1

. (71)

Let us introdu
e the new variables y

1

= u , y
2

= u̇ and η
2

= v . It follows

that ẏ

1

= y

2

and ẏ

2

= ü. In this notation the variational inequality (69) 
an

be rewritten as

(ẏ
2

, η
2

− y

2

)V−1

,V
1

+ (Ay

2

, η
2

− y

2

)V−1

,V
1

+
(

g(y
1

), η
2

− y

2

)

V−1

,V
1

+j(η
2

)− j(y
2

) ≥ 0 , ∀ η
2

∈ V
1

, (72)
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5 Determining observations for se
ond-order vis
o-elasti



onta
t problems

Using the produ
t topology we get for arbitrary

y = (y
1

, y
2

) ∈ Y−1

= V
0

× V−1

and η = (η
1

, η
2

) ∈ Y

1

= V
1

× V
1

the

representation of the duality pairing on Y−1

× Y

1

as

(y , η)−1,1 = (y
1

, η
1

)V
1

+ (y
2

, η
2

)V−1

,V
1

. (73)

It follows from (73) that

(ẏ
2

, η
2

− y

2

)V−1

,V
1

= (ẏ , η − y)−1,1 − (y
2

, η
1

− y

1

)V
1

. (74)

A linear bounded operator A : Y
1

→ Y−1

is de�ned by

(−Ay , η − y)−1,1 = −(y
2

, η
1

− y

1

)V
1

+ (Ay

2

, η
2

− y

2

)V−1

,V
1

,

∀ y = (y
1

, y
2

), η = (η
1

, η
2

) ∈ Y

1

= V
1

× V
1

. (75)

It is easy to see that A de�ned by (75) has the representation

A =

[

0 I

0 −A

]

. (76)
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5 Determining observations for se
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onta
t problems

In order to determine the linear operator B : Ξ = V
1

→ Y−1

we use the

equation

(−Bϕ(y
1

), η − y)−1,1 = (ϕ(y
1

), η
2

− y

2

)V−1

,V
1

,

∀ y = (y
1

, y
2

), η = (η
1

, η
2

) ∈ Y

1

= V
1

× V
1

. (77)

From (77) it follows that

Bϕ(Cy) =

[

0

−ϕ(y
1

)

]

, (78)

where the linear operator C : Y
1

→ W := V
1

is de�ned by (y
1

, y
2

) 7→ y

1

.

The last remainig element in the inequality (8) is the 
onta
t fun
tional

ψ : Y
1

→ R+ given by

ψ(y) := j(y
2

) , ∀ (y
1

, y
2

) ∈ Y

1

= V
1

× V
1

. (79)
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