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Let Q C R3 be a bounded domain with C!-boundary 09.
Consider the microwave heating problem

e(x)Et(x,t) + o(0)E(x, t) = curlH(x, t), (x,t) € Qr,
w(x)He(x, t) 4+ curlE(x, t) = 0, (x,t) € Qr, (1)
b(8(x, t)): = V[k(x)VO(x, t)] + o(0)|E(x, t)|> (x,t) € QT,

where T e Ry, Qr =Q x [0, T), E(x, t) and H(x, t) are the electric and
magnetic fields, respectively, £(x), 11(x) and o(6) are the electric
permittivity, magnetic permeability and electric conductivity, respectively,

b(0) is the enthalpy operator, k(x) is the thermal conductivity,
a(0)|E(x, t)|? is the Joule's heat and

bl(sl, s < ) R
b(s) = [b1(0), bg(G)]A, s=40
bz(s), s>0

is a piecewise smooth function with differentiable monotone increasing
functions by (s), ba(s) such that b1 (0) < ba(0).
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Let St = 9Q x [0, T).

Initial and boundary conditions:

v(x) x E(x,t) = v(x) x G(x, t), (x,t) € ST,
f(x,t) =0, x, t)eSt, (2)
E(x,0) = Eo(x), H(x,0) = Ho(x),0(x,0) = bo(x), x € Q,

where
@ v(x) is the outward unit normal on 02
e G(x,t) is a given external vector function on St

e Eo(x), Ho(x) and 6p(x) are given functions
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Suppose that Q = (0,1), E(x,t) = (0, e(x, t),0) and
H(x,t) = (0,0, h(x, t)), respectively.
Then we obtain the following system:

E(X)et(xa t) + U(G)E(X, t) = _hx(Xv t)7 (Xv t) € (Oa 1) X (07 T)a
{ w(x)he(x, t) + ex(x, t) =0, (x,t) € (0,1) x (0, T), (3)
b(0(x, t)): = k(x)0xx(x,t) + a(0)e?(x,t) (x,t) € (0,1) x (0, T).

Let us introduce .
w(x,t) = / e(x,7)dr.
0

Suppose that £(x), pu(x), k(x) =1
Then system (3) becomes

b(8); — O = (w2, (x,t) € (0,

x (0, T).

Wit — Wax + 0(0)we =0, (x,t) € (0,1) x (0, T),
{ o) )
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2 The one-dimensional heating probIc G
Boundary conditions:
w(0,t) = 0,w(1,t) = 0,0,(0,t) = 6,(1,t) =0, t € (0, T).
Initial conditions:
w(x,0) = 0, we(x, 0) = wy(x),0(x,0) = p(x), x € (0,1).
Assumptions:
(A1) wy € L%(0,1), 6 is nonnegative and 6y € L(0,1).
(A2) Jog, 01 > 0 such that o9 < 0(z) < o1, z € [0,00).

Theorem 1

Suppose (A1)—(A2) are satisfied. Then the system (4) has for any T > 0

a weak solution
w e CH0, T; HL(0,1)),0 € L2(0, T; HL(0,1)) N C([0, T]; L2(0,1)).

(Manoranjan, Showalter, Yin, 2006)
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2 The one-dimensional heating iGNNGS

Definition 1

A pair of functions (w(x, t), f(x, t)) is called a weak solution of system
(19) on the interval [0, T], T > 0, if w € C}(0, T; H(Q)),

0 € L2(0, T; H3(Q)) N C(0, T; L?(2)) and the following equations are hold

1
/ / el 4 ()wxwx+a(e>wt1dxdt /0 WA 0)%
1
2 = X
/O /O [ b(O)7e + Oxirx — o (0) wlnldiedt = /0 B(B0)n(x,0),

for any test functions
Y € L2(0, T; HY(Q)) N C(0, T; L3(R)), ¥y € HY(0, T; HY(Q)), such that
P(x, T)=mn(x,T)=0, Vx € Q.
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3 Doubly-nonlinear evoluionary Sy SIS

Let Y1 and Yo, j=1,0,—1 be real Hilbert spaces and (-,-);; and || - ||;;
be scalar products and norms of Y;;, i=1,2, j=1,0,—1, respectively.
The dense and continuous embeddings Yi1 C Y10 C Y7,—1 and

Y21 C Yoo C Yo 1 are called rigged Hilbert space structures.
Consider the system

d
= A1 + Bi(gi(z1) + g2(z1, 22)), z1 = Gy, (5)
d
alﬂgz(n) = Aoyo + Bopo(z1, ), 22 = Goym, (6)
y1(0) = yo1, y2(0) = yoo, (7)

where yi € Y,'yl, A;: Y,'71 — Y,"_l, B .= — Y,"_l, G : Y,'7]_ — Z; are
linear bounded operators, B> : Y21 — Y21 is a nonlinear operator,
g1:21— =1, & 41 X 2y — =1, ¢ Z1 X Zy — =5 are nonlinear
functions, =; and Z;, i = 1,2 are some other Hilbert spaces,

yo1 € Y1,1,Y02 € Y21.
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Let us define the following spaces:
Yl = Y171 X Y271, Yo = Y17o X Y27o, Y_l = Yl’_]_ X Y27_1 with scalar
products

((y1,m1), (y2, w2))j = (1, y2)1j + (Wi, wo)oj, j=1,0,-1,

where y1,y> € Y1 j, w1, ws € Y2, and correspondent norms.

Let A:= (A]_,Az) Y1 — Y., B:= (Bl, Bz) :=1 X =p— Y_1 and
C:=(G,G): Y1 — Z1 x Z, be linear bounded operators,

B :=(/,B2) : Y1 — Y> be a nonlinear operator and

o) = (g(-) + &(,-), p2(+,+)) : Z1 X Z» = =1 X =2 be a nonlinear
function.

Then system (5) — (7) can be transformed into

%B(y) = Ay + B¢(z), z = Cy, (8)
¥(0) = yo, %)

where y = (y1,¥2), z = (21, 22), Yo = (Yo1, Y02).
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Let —0o < T; < T < 400 be two arbitrary numbers. Let us define in
L2(Ty, T2; Y;) the norm j = 1,0, -1

[yll2y = (/: Iy (8)|I7 dt)

Let W(T1, T2; Y1, Y1) be the space of functions y such that
y € L?(T1, To; Y1), y € L?(Ty, T2; Y-1) with the norm

1/2

. 1/2
YW, asva,vy) = (132 + 15 -1) 7

A solution of (8) — (9) is a function

y € W(T1, Tz, Y1, Y_1) N C(T1, T2; Yo) satisfing equation (8) — (9) in
variational sence, i. e. for a. e. t € [T, Ty] the following equation is
satisfied:

(%Bw» ~ AY(E) - Bo(z(t).n y(t)) —o,

-1

Vn € Y1, 2(t) = Cy(t), y(0) = yo.
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Assumptions:

(A3) Z1 ==, =5 =R.

(A4) Jk1, ko, k1 < K2 : ¢1(21,t) = g1(z1) + &2(z1, 22(t)), where

2(t) = Goya(t) and yo(t) is an arbitrary solution of (5) — (7) such that the
following condition is satisfied

/11212 < (51(21, t)Zl < H2212, Vz1 e R, t > 0.

(A5) k3 > 0: (Ba(y2), A2y2) < —rslly2ll31, Vy2 € Yau.
(A6) Jria > 0 such that for ¢o(t, z2) = ¢2(z1(t), z2) we have
(B2(y2), Batha(t, y2)) < Kallyal31, Vy2 € Ya1,t > 0.

(A7) System (5) - (7) has a global weak solution.
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3 Doubly-nonlinear evolutionary:systemm

(A8.1) The operator Aj in system (5) is regular, i. e., for any
T>0,y10€ Y11, T € Y11, i € L2(0, T; Y1,0) the solutions of the
direct problem %yl = A1y1 + fi(t), y1(0) = y10 and the dual problem
%)71 = —Ai + f(t), 51(T) = ya1 are strongly continuous in the norm of
Y171.

(A8.2) The pair (A1, By) in system (5) is L2-controllable, i. e., for any
y10 € Yi there exists a control &; € L?(0, T; Z1) such that the problem
%yl = A1y1 + Bi&1, y1(0) = y10 has a solution y; for any T > 0.

(A8.3) For the transfer function x(s) = Ci(A; — sly,,) 'Bi and the
Hermitian form:

]'—(51,21) = Re(£1 — /€121)*(I€221 — fl), &L elCnelC
the following frequency domain condition holds

Re(rk1x(iw) + Iz,)" (kax(iw) + Iz,) > 0, Vw € R.
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3 Doubly-nonlinear evolutionary system
Theorem 2

If conditions (A3) — (A7) and (A8.1) — (A8.3) are satisfied then the
solutions of system (5) - (7) are bounded on (0, ).

Let us make the following assumptions for system (4):
(A9) Ja; > 0 such that:

b(z)| < a1lz|, VzER, 240 (10)
(A10) Ja > 0 such that:
lo(2)| < az2|z|, Vz € R. (11)

Corollary 3

Under conditions (A9) and (A10) all assumptions of Theorem 2 are
satisfied. Hence the solutions of system (4) are bounded.

(Popov, S., R., V., 2014, Popov, S., 2017)
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Consider the microwave heating problem in 1-space dimension and without

phase-change:

( EWpt = %WXX — U(Q)Wt,
0; = O + o (0)W2,
w(0,t) =0,w(l,t) =0,

6(0,t) =0(1,t) =0,

[ 0(x,0) = 0o(x),

Assumptions:

w(x,0) = wo(x), we(x,0) = wyi(x),

1) Ais the attractor of the dynamical system generated by the

approximation problem to (12);

2) e=1, u=1orpu=0.5
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1) Estimation of the correlation dimension:

/ A

Figure: e =1 and Figure: e =1 and
nw=205 n=1
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Introduce for x € (0,1) and t € (0, T) the functions

f(x, ) = A(t)(1 — x) + f2(t)x (13)

and
W(x,t) = w(x,t) — f(x,t), V(x,t) .= Wi(x, t) — fi(x, t). (14)

Then the problem (19) becomes

( Wi =V — 1,
Vi = Wi — 0'(0)\/ + fit,
Or — Ox = o (0)(We + )2, (x,t) € (0,1) x (0, T),
W(0.0) = W(L.1) =0, 0(0.t)=6(Le)=0, te(0,T)
W(x,0) = Wo(x) := wo(x) — f(x,0), x € (0,1),
Wi (x,0) = Wi(x) := wi(x) — fz(x,0), x € (0,1),
0 (x,0) = 6o (x),x € (0,1).
(15)
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Let us introduce the space M = H3(0,1) x L2(0,1) x L(0,1) with norm
(W, V., 0)[3 = max{l|wxl[2(0.1): VI 72(0,1): 1611720.1))- (16)

Determine the function y(t, to, p) = (W(-, t), V(-, t),0(-, t)) as a solution
of the problem (15) with the norm (16). Then (15) can be formally written
as system

d
o = Ay Be(V.0) + F(t),

where y = (W, V,0), F(t) = (—ft, f«,0) and A, B are linear operators. If
(W(x,t), V(x,t),0(x,t)) is a solution of (15) we can write it as

}/(tv to, P) = (W(v t)a V('? t)’ 0(, t))
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Definition 2

System (15) is called (a, 3, to, T')-stable, where 0 < o < 3,1ty > 0 and
T’ > 0 are nonnegative numbers, if from the inequality ||y(t)||y < a it
follows that ||y(t)||y < S for all t € [to, to + T).

(Weiss, Infante, 1965) - ODE-system.
(Chetaev, 1960) - visco-elastic systems.
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(A14) Consider the heat equation:

0t - exx = Oa
0(x,0) =6y (x), xe€(0,1), (17)
6(0,t)=6(1,t)=0, te(0,T).

Let cp be the upper bound of §(x, t) for x € (0,1),t € (0, T), where
0(x, t) is an arbitrary solution of system (17).

(A15) |N(t)| < ¢y for any t € (0, T), where
N(t) = fot S22 [fie + |fiee|]d7. Here fiy and fiy; are defined as

df, d?f,

=L fp=—ot. 18
dt’ tt dt2 ( )
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Consider the one-dimensional microwave heating problem with
non-autonomous boundary conditions:

( Wit — Wixx =+ O'(e)Wt = 0, (X, t) S (0, 1) X (0, T),
0r — Oxx = o(0)w;?, (x,t) € (0,1) x (0, T),
w(0,t) = f1(t), w(l,t) = f(1), te(0,7), (19)
0(0,t) =6(1,t) =0, te(0,7),
w(x,0) = wop(x), we(x,0) = wi(x), x € (0,1),
\ G(X’ 0) = GO(X)7 X € (0’ 1)a

where 0(x, t) is the temperature, w(x, t) is the variable, determining the
electric field, f; and £, are given functions.
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Let the following conditions are satisfied:

(A11) There exists constants og and o1, such that
0<o0<o(f)<o1(l1+86), VI>0;

(A12)c is locally Lipschitz on (0, +00),

(A13)f, € C2(R), £(0)=0,6(0)=0, we(x,0),00(x) € L2(0,1).
Denote v := w;.

Theorem 4

There exists a global weak solution (w(x, t),0(x, t)) of the problem (19)
such that w,v € C([0, T]; L2(0,1)); 6 € L?(0, T; H*(0,1)).

(Yin, 1998)
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Theorem 5

Consider problem (15) and let the conditions (A11)-(A15) be satisfied.
Then system (15) is (a, 3,0, T)-stable, if for the given parameters
a>0,tg =0, T > 0 the parameter (3 is calculated by

B = max|[f1, B2], where (20)

1 1
B1 = 4cp max [01, ;0] ¢y + 2¢p max [017 ;0] c(f, T)+ (21)
cpa +4cp(c(f, T) + cpa)(en + cpa)e(f, T),

ﬁg = \/max |:0'1, %0:| cy + C(5)O’1(CN + CDa)C(f, T) (22)

where f(t) == S22 |fil, c(f, T) = elo f(r)dr foT f(r)e=Jo fmdngy.

(Skopinov, S., 2017)
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Introduce the family of mappings
o) Ry xRXxM—=M by
Spt(t07 p) = y(t + to, to, p)

forany t € Ry, tp € Ry, p € M, where M is the Banach space
M = H}(0,1) x L2(0,1) x L2(0,1) with the norm

W, V03 = W I + I VIIZ2 + (16117

The mapping ©)(-,-) : Ry x R x M — M is said to be a process if the
following conditions are satisfied:
1) @O, )=Iy forallsc Ry ;
2) (s, p) = oM (s + to, (s, p)) for all (s,p) € R x M and
t1, € R+.
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5 Finite-time stability. for proCeSSS SN

Examples of processes are dynamical systems for which p'(s, ) = ¢f(+)

fors e Ry and t € R.

Suppose (7,u;) € R x M. The mapping Ry > t — u(t) € M is said to be

a motion of the process ({'(s,")}ier, » (M, pm)) through u; for t = 0 if
€

seR
u(t) = ¢t(r, u(r)),Vt > 0, and u(0) = u;.
Assume that 0 < o < B and T' > 0,ty > 0, are numbers and p€ M is a

fixed point. The process ({*(s,")}ier, » (M, p)) is said to be

seR
(o, B, tg, T', p) stable if the inequality pp(¢°(7, ur), p) < a for an
arbitrary pair (7, u;) € Ry x M implies that pp (ot (T, ur), p) < B for all
t €[to, to+ T).
Suppose ({¢*(s, ) }ter, » (M, pm)) is a process. The map ¢ : R x M — R

seR
is said to be a Lyapunov functional for this process if the following

conditions are satisfied:
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(A16) The family of maps ¢(t,-) : M — R is continuous;
(A17) For arbitrary t € R and u € M there exists the limit

: 1 s
¢(tv U) = Sl_l)%]+ sup E[qb(t +5,p (tv U)) - ¢(t7 U)]
Theorem 6
Suppose that ({'(s,")}er, is @ process, | := [to, to + T'] is a time

seR
interval, 0 < a < 3, T > 0, tg > 0 are positive numbers, u. € M,p € M
are some points and there exist a Lyapunov functional ¢ : | x M — R for
the process and an integrable function g : | — R such that:

(i) &(t,u(t)) < g(t) for arbitrary t € | and arbitrary functions
u(:) € C(to, to + T', M) such that o < pp(u(t),p) < S forall t € I;

(ii) fstg(T)dT < min o(t,u) — max o(s, u)

uEM:py (u,p)=5 uEM:py (u,p)=a
forall s,t € I,s <'t.  Then the process ({'(s,")}icr. (M, pm)) is

seR
(o, B, to, T, p)-stable.

v
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6 Numerical results for the one iGN SUSIG—

Consider problem (15). Initial and boundary conditions:
o(0) =0.2(140),0 € R, wy(x) = 0, wi(x) = 0,6p(x) =0,x € (0,1),
f(t) = H(t) = 2sin2t,t € R.
(23)

w(xi)

Figure: 1 The solution component w(x, t)
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6 Nu

Bxt)

Figure: 2 The solution component 6(x, t)
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7 Multivalued dynamical SyECS S

Suppose (M, pp) is a complete metric space. Let f : M — 2M vt € R,
be a family of maps. The pair ({¢'}ter,, (M, pm)) is said to be a
multivalued dynamical system (MDS) if the following conditions are
satisfied:

1) ¢°(p) ={p}, VpeM,

2) ¢172(p) C 1 (p2(p)), VYt t2 €Ry,VpEM.
The MDS ({¢'}ter, , (M, pm)) is said to be continuous with respect to
the initial conditions if for arbitrary sequences {t,} C Ry, {pno} C M
such that t, — t, pno — po as n — oo for some t € Ry and py € M there
exists for any n € N a p, € M satisfying p, € " (pno) and p, — p as

n — o0.
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7 Multivalued dynamical SyECS S

A subset Z C M is said to be
e attracting if dist(pf(p),Z) - 0ast — oo, Vp e M, where
dist(W, W') = pEV\i/?t.:]FEW’ om(p,q), W, W' C M,
@ absorbing if Vpe M 3T e Ry :Vt > T,t € Ry, o' (p) C Z,
e invariant if '(Z) =Z, VteR,,
e a global attractor if Z is bounded and closed, invariant and globally
attracting.

Let us consider the 3 D heating problem. Introduce the set

D = {(E, H,0) € Ho(curl, Q) x (H(curl, Q) N Ho(div, Q)) x H3(Q);
pH € Hi(Q) N H(div0, Q)}, Hy(Q) = H(curlo, Q) N Ho(div0, Q), (24)

with the norm [|(E, H,0)[|p := max{||E||2()2: | Hl| (03, 101l r2(0) }-
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Here

( H(curl,Q) = {v e L2(Q)* : curl v € L2(Q)3},
H(div,Q) = {v € L2(Q)* : div v € [2(Q)3},
Ho(curl, Q) = {v € H(curl,Q) : v x v =0,Vv,v € 9Q},
Ho(div,Q) = {v € H(div,Q) : v-v =0,Yv,v € 00},
H(div0,Q) ={v € L2(§2)3 :div v =0},

| Ho(div0,Q) = Ho(div, Q) N H(div0, Q).

(25)
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7 Multivalued dynamical SyECS S

Introduce the map

¢:Ry xD—2P (26)
through o!(Eo, Ho,00) = {(E, H,0) € D : I solution (E, H, 0) of (1) with
initial values Eq, Ho, 0o and E(-,t) = E,H(-,t) = H,0(-, t) = 0}.

Theorem 7
Consider the map (26). Then:
1) (26) defines a MDS;
2) The MDS (26) is continuous with respect to the initial conditions;

3) The MDS (26) has the global attractor A= [\ | ¢%(Bo), where By
s>0t>s

is a compact absorbing set for (26).;

(Zyryanov, R., 2017)
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Figure: 3 Change of the temperature at the line x € (0,1),y = 0.5,z =0.5
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Figure: 4 Change of the temperature at a central point inside the cube
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