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1. Basic notation

Yy real Hilbert space, (-, -)o scalar product,

| - ||o norm,
N\ € L(D(N),Yy) self-adjoint, D(A) C Y, dense,

(Ny, Aydo > llylls , Yy € D(A)
Y1 := D(A) Hilbert space with scalar product

(y;m1 1= (Ay,An)o , Vy,n
New scalar product in Yo

(y,m)-1:= (N ry, A" n)o, Yy,n € Yo,

Y_; completion of Yy w.rt. (+,-)_1

= Y1 C Yo C Y_; dense and continuous embedding

(“rigged Hilbert space structure™)

[(n, 9ol = [(A™1n, Ay)ol < [IA " nllollAyllo = Inll-1llyllx

Vy €Y, n €Yo

(-,-)—1,1 extension by continuity of the functionals (-, y)o onto Y_1
(-,-)—1,1 coincides with (-,-)o on Yy x Y7 and satisfies

|(m,y) 11| < nll-1llyll, Vne Y1, yeYs

—00<Ty < Tz < 400, L?(Th,T>;Y;),j=1,0,—1

Bochner measurable functions with

T 1/2
oty o= [ o) at)

W(Ty,T>) space of functions s.th.



y € L?(T1,T»; Y1),y € L?(T1,T>; Y_1) equipped with the norm

: 2 - 112 1/2
lyllwenry = Uyl + 1913, -0)"

Lions embedding theorem: Each function from W (T4, T%) belongs
to C'(T1,T%; Yo).

2. Evolutionary variational inequalities

=, Z real Hilbert spaces with scalar products (-,-)=,(-,-)z and
norms || - ||=, || - ||z

AeL(1,Y1) , BeL(ZY.1) , CeL(Yo,=)
0 :D(p) CWL2(0,T;Z2) x = = WH%(0,T; =)
strongly continuous hysteresis operator

E:7Z =25 |, D(p) ={(z2,&) e WH?(0,T;2) x = |
o € £(2(0))}

Y Y1 - RU {400} convex, lower semi-continuous, ¢ Z oo

(y(t) — Ay(t) — BE(t), n—y(t))-1.1 (1)
+v(m) —y¢(y@)) >0, VneYyr ae te(0,7)
£(t) = o(2,80)(t), 2(t) = Cy(t), (2)

y(0) = yo € Yo, &o € £(2(0))

A pair of functions {y, ¢} € W(0,T)NC(0,T); Yo) x L?(0,T; =)
which satisfies (1), (2), is called solution of (1), (2) on (0,T")

with initial conditions y(0) = yg and £(0) = &o;

y(-) is the state trajectory, £(-) is the control.



A solution {y, ¢} of (1), (2) (and the associated state trajectory y
and the control ) with y(¢t) =g € Y1 and £(¢t) = € € = are
called stationary. The set of all stationary solutions of (1), (2) is
the stationary set S.
Any stationary solution {7, £ } satisfies the stationary variational
inequality
(-Ag—BEn—g)-11+¢(m) —4»(@) >0, Vneyr (3)
E=9(z¢8), z2=0Cy, (€&(z) @)
Special case: ¥(y) =0 = (1), (2) is a variational equation
y = Ay + B{(1) (1)
£(t) = ¢(2(t), L) (t), &o € €(2(0)) (2)
Any stationary solution {g, £ } of (1'), (2/) is given by
0=Ag+BE, &=¢(%¢). (3", (4)

If A—1 exists, (3'), (4") is equivalent to

s={@8 evix=|g=-A"BE, Cj+CA'BE=0,

= (2,6)} =

(g’g) c Y1><E

j=—A"BE 24+x(0)E =0, £ = (2,8},

—— Yy

x(s) = C(A — sI)~'B transfer operator function.



3. Convergence to the stationary set
(AO) The inequality (1), (2) has for arbitrary yo € Yy and
€0 € E(Cyo(0)) at least one solution {y, £}.
The stationary set S, given by (3),(4), is non-empty.
(Al)3F € £L(Z,=) 3TFeL(E,=

VT >0 VzeWH?(0,T;7Z) V& €&(z(0)):

T
/0 (¢(2,60) (@), F12(t)) =— (¢(2,£0) (), F29(2,&0) (¢)) dt > 0.

(A2)I e {-1,1} IG1€L(Z,Z) YT >0
VzeWh2(0,T;Z) V& €&(2(0)) 3~(2(0)) >0

T
» /O (Gro(2,£0)(7), (7)), dr > —7(2(0)).

(A3) The pair (A, B) is L?-controllable, i.e. Vyo € Yo
3 ¢(-) € L?(0, 4o00; =) such that
y=Ay+ B, y(0) =yo,

is well-posed in the variational sense on (0, +o0).

(A4) Any solution of y = Ay, y(0) € Yo, is exponentially

decreasing fort — 4oco.

(A5) The operator A € £(Y1,Y_1) isregular, i.e.
VT >0,y € Yi,wr € YrandV f € LQ(O,T; Y_l)



the solutions of
y = Ay + f(t), y(0) =yo, andof

w=—Af + (), w(T)=wr,
are strongly continuous in the norm of Y7.

Define the quadratic form

F(Ca 191 T) ‘= (ﬁaFlow)E - (197F219)E - T(GlCUJ,g)E,
C:(waf)EYOXEa Ve =

(AB)ITeR, »r<0, I§>0

Fe($,0;7) < =5|¢P
VEE=® VweR, ¢ =(iwGlwl—A)"1BEE), 9= iwt.
(A7) For any operator P = P* € L(Y0, Yp) such that

P e L£(Y_1,Yy) NL(Yy, Y1) we have
Y(y1) —¥(y1 — P(y1 —y2)) + 9 (y2) —¢(y2+ P(y1 —y2)) > O,

Vyi,y2 € Yi.

On Y7 the function ¥, (y) := ¢ (y — Py) — ¥ (y) is convex and
lower semi-continuous.
Theorem Under the above assumptions any solution {y, £} of (1),(2)

converges in Yy X = to the stationary set S ast — oo.



4. Example

ur = uUgy —bu, x€(0,1), u(x,0) =uo(x), b>0
uz(0,t) =0, wus(1,t) =pep(z,6)(t), peR\{0},

1
z(t) :/o u(x,t) de (5)

0 D(p) cWH(0,T) x R - Wh1(0,T) play

(2,€0) € D(¢) — ¢(2,80)(")
E:R—=2R g th.

D(p) = {(2:60) € WHH(0,T) x R | & € £(=(0)) }

A

3 £(z(0))

-~
R

/ z
/ , <z(0)

~
—

.

Quadratic constraints:

(AL) 1 0 < 3(zE) (D) < G()? ¥z e WH(0,T)
(A2) : x=—1, » / "oz, €0) ()3(0)dt > —7(2(0))

VzeWh(0,T), ~+(2(0))>0



Interpretation as variational equation (1'), (2/):

Yo := L2(0,1),

1
(u,v)o := /o uw(z)v(z)dz, Y u,ve L?(0,1)

Y == Wh2(0,1)

1
(u,v)1 1=/0 (u(z)v(@)+u'(z)v'(2))de, ¥ u,v € WH(0,1)

Ae L(Y1,Y 1) isgiven by

1
(Au,v)_11 ::/o (Au)(x)v(x)dr =

1
B /0 (w/ ()0 (2) + bu(z)v(z))dw, Vu,v € WH2(0,1)

=: =R, Be L(R,Y_1) isdefined by
(BE,U(:U))_l,l =p£’0(1) ) V&’GR, Ve Wl’Q(Oal)
= B =[pd(x—1)], 4-Dirac’s distribution

Z: =R, Ce€L(Yy,Z) Iisgivenhy
1
Cu = / w(z)dz, Yue L?0,1)
0

Je>0 (Au,u)-1,1 < —|lv'(2)[I§ — bllullg < —ellullf — bllullg,
VueWt?(0,1)
= (A3),(A4),(A5)



Frequency domain condition:

X(S) — Ca("s)’ s € C,

transfer function u(-, s) is the solution of the ordinary BVP

(b+8)a: axl‘,
u:(0,5) =0, wu,(l,s) =1

= (z,s) = SN e C\{-b)

1
S () =p/0 i, s)de = L

(A6):Ir+>0 3I6&§>0 VweR:

Re {x(iw) + 1 — L x(iw)} > § | x(iw) |?

. b : 2
Rex(iw) = p2, | x(iw) P = s
Im X(ZCU) — _bzfj'_wwz
(A6) <=

3r>0 36>0 VweR:

pb L4 TP

>
b2 + w2 b2 4 w2 = 22

b b2
= —+—2+I>O.
p P> p

(6)



Stationary set of (5):
O= 1y, —bu, ze€(0,1)

R 1
.(0) = 0, (1) = po(5,), 2=/0 i(z)de  (7)

1
& @) = Es 0p(.6), 2= [ s

& z=le(zE)="¢
) = S ®
SA b
M &::;Z)b#p
e G = (s
—-r L — | A r z
T
E=z—r

E=z4r

Intersection of £ = %z with the graph of the hysteresis

)

Continuum of stationary temperature fields for the rod



Comparison with the generalized Popov criterion for absolute
stability:

0(z,6) = ¢(z) =2z “nonlinear” function

Frequency-domain condition:

37>0 VweR : 14+ Re[(1+iwr)x(Gw)] >O0.
<:>1—|—bur 2—|—7'b2_|_ £ >0

= absolute stability of (5) as variational system, i.e. each solution
{y, ¢} belongs to W(0, c0) x L?(0,00; =)

= |ly(t)jo -0 as t— oo,

y = 0 the unique stationary state trajectory.



