
1 Introduction

2 The spinning process as contact problem

2.1 Basic facts from finite-deformation theory

Deformation is a one-parametric family of mapsf�t

g

t2[0;T ℄

�

t

: 
! R

3

:

In local coordinates

x

i

= x

i

�

Æ

1

x ;

Æ

2

x ;

Æ

3

x ; t

�

; i = 1; 2; 3 ; t 2 [0; T ℄ :

The deformation tensorF t in the point
�

Æ

1

x ;

Æ

2

x ;

Æ

3

x

�

with respect to this basis is defined by

F

t

=

�x

i

�

Æ

j

x

e

i

e

j

:

�

i

j

is the first Piola-Kirchhoff tensor. If the columns of

�

�x

i

�

Æ

j

x

�

are linearly independent we can

write �i
j

= �

il

�x

l

�

Æ

j

x

: �

il is the second Piola-Kirchhoff tensor.

x

i

=

Æ

i

x + u

i

(

Æ

1

x ;

Æ

2

x ;

Æ

3

x ; t)

Small strain tensore
ij

e

ij

=

1

2

 

�u

i

�

Æ

j

x

+

�u

j

�

Æ

i

x

!

Lagrange strain tensor

"

ij

= e

ij

+

1

2

�u

k

�

Æ

i

x

�u

k

�

Æ

j

x

Equilibrium equation with body forcesf
j

and material density�

��

�j

�x

�

+ �

�

f

j

�

�

2

u

j

�t

2

�

= 0

The Christoffel symbols

�

k

ij

=

1

2

�

�g

il

��

j

+

�g

jl

��

i

�

�g

ij

��

l

�

g

lk

Contravariant differentiation procedure

u

j;i

� r

i

u

j

=

�u

j

��

i

� �

k

ij

u

k

u

j

; i

� r

i

u

j

=

�u

j

��

i

+ �

j

ki

u

k

:

Small strain and finite strain tensors
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2.2 Constitutive law

Plasticity domainK on the blank
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where the maximum is computed over all eigenvalues of the tensor �ij and k > 0 is again a
constant.
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2.3 Plasticity zone in the spinning disc and in the annular disc

Circular disc of thicknessh and density� rotating with constant angular velocity!.
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Annular plate of thicknessh, of outer radiusb and of inner radiusa, clamped at the inner edge
with the outer edge free subjected to uniform radial compressionp at the inner edges

For the exactness of the deformation theory it is in the following assumed that (Korovlev, 1971)
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� 0:37

Lamé formula for the tangential and radial stresses depending on the actual radiusr by (Filin,
1975)
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2.4 Friction theory

Displacementu tangential and normal parts
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where the slip potential	 determines the direction of slip, and is a real function. The state of
friction is determined by the slip function� and the loading and unloading conditions

loading: � > 0 ; _ = 0 ;

unloading: � = 0 ; _ > 0

and
� � 0 ) adherence,
� > 0) slipping.

(Ronda and Colville, 1995)

2.5 Large deformation dynamic elastic-plastic contact problem
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� is the density of the material,f i are body forces,f i
J

are inertia forces,f i
C

are Coriolis forces and
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(Duvant and Lions, 1972)
Main goals of the analysis:
1. Estimation of the contact area between roller tool and material
2. Derivation of upper bounds for stresses at the inner boundary of the flange ring
3. Test of sufficient conditions for the stability of the considered solution using energy methods

3 Plastic buckling and flutter bifurcations in quasi-static problems

General buckling theory

Consider inR3 the system
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Plastic wrinkling is associated with non-uniqueness of solution prolongation att = t
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(Hill, 1958;
Hutchinson, 1974).
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3.1 Plastic wrinkling of shells

Averaged stresses (over the shell thickness)
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Bifurcation equation for plastic-elastic buckling
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(Klyushnikov, 1980; Korovlev, 1971)

3.2 The plastic buckling behaviour of thin plates under constant pressure

a)Simply supported rectangular plate

Conditions
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Case 1:All edges are freely supported.
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Case 2:The edgesx = 0 andx = a are supported and the edgesy = �b=2 are free. Under these
assumptions the buckling mode can be considered as

w(x) = A sin

m�x

a
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Critical load for wrinkling
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b) Circular plate under constant inplane pressure
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Case 1:Axisymmetric plastic buckling
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Case 2:Non-axisymmetric plastic buckling
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c) Annular plate under inplane pressure

Suppose there is given an annular plate with�� the effective stress in the flange,h the thickness of
the flange,E the plastic buckling modulus,w the actual flange width,K a material constant. If

��

E

� K

h

2

w

2

than no flange wrinkling occurs.
(Kobayashi, 1963)

3.3 Plastic buckling and plastic flutter

Homogenous perturbational system in the presence of inertia forces (Bolotin, 1963)

Lu�

�

2

u

�t

2

= 0 in 
� (0; T ) ;

Mu = 0 on �

F

� (0; T ) ;

Nu = 0 on �

F

� (0; T ) ;

Associated static boundary value problem

Lu = 0 in 
 ;

Mu = 0 on �

F

;

Nu = 0 on �

F

:
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Vibrational solutions in the form

u(x; t) = U(x)e

iwt

whereU is an unknown function of the phase variables and! 2 C is an unknown frequency.
Boundary value problems

LU + !

2

U = 0 in 
 ;

MU = 0 on �

F

;

NU = 0 on �

F

:

Condition for the self-adjointness is

Z




nh

LU

(1)

+ !

2

U

(1)

i

U

(2)

�

h

LU

(2)

+ !

2

U

(2)

i

U

(1)

o

= 0 ;

(For all perturbationsU (1)

;U

(2) satisfying the boundary conditions.)
Suppose now that for a certain value! the system has a nontrivial solution. If the system is
selfadjoint the associated number!

2 is real. In this case the loss of stability is statically: we have
a buckling bifurcation in the variational system.
Consider the PDE problem

(D

2

�D

3

)

�

4

w

�x

4

+ �

int

h

�

2

w

�x

2

= 0 :

Including inertia forces we come to the plastic wave equation (� denotes the material density)

(D

2

�D

3

)

�

4

w

�x

4

+ �

int

h

�

2

w

�x

2

+ �

�

2

w

�t

2

= 0 :

Assume the initial conditions

w(0; t) = w(a; t) = 0 ;

�

2

w

�x

2

(0; t) =

�

2

w

�x

2

(a; t) = 0 ; t > 0:

We try to find a wave solution in the form

w(x; t) =W (x)e

i!t

whereW (x) is an unknown function and! 2 C is a parameter to be defined.
We receive the ODE problem

(D

2

�D

3

)W

(4)

+ �

int

hW

(2)

+ �(�!

2

)W = 0

or

W

(4)

+ k

2

W

(2)

� b!

2

W = 0 :

With the abbreviations

k =

r

�

int

h

D

2

�D

3

andb! = !

r

�

D

2

�D

3

the critical intensity��
int

for dynamic plastic wrinkling is

�

�

int

= k

�

2 (D

2

�D

3

)

h

:
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ODE model for the impact-contact problem
(Kirdeev et al., 1984)
m�y

1

+ (y

1

+�) + �(y

1

� y

2

) = 0;

m

1

�y

2

+ 

1

y

2

+ �(1; 5y

2

� y

1

� 0; 5y

3

� 0; 5y

4

) = m

1

e!

2

sin(!t+ ');

m�y

3

+ (y

3

��) + �(y

3

� 0; 5y

2

) = 0;

m�y

4

+ (y

4

+�) + �(y

4

� 0; 5y

2

) = 0:
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