1 Introduction

2 The spinning process as contact problem
2.1 Basic facts from finite-deformation theory
Deformation is a one-parametric family of ma{a@t}te[oﬂ
0 R.
In local coordinates
o =g (521, 22 %3,75) . i=1,23 , telo,T].
The deformation tensaf” in the point (52 L2 §3> with respect to this basis is defined by
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o;'- is the first Piola-Kirchhoff tensor. If the columns éfa—m]> are linearly independent we can
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write a;'- = a”% . o' is the second Piola-Kirchhoff tensor.
oz
o= & (3850
Small strain tensot;;
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Equilibrium equation with body forceg; and material density
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The Christoffel symbols
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Contravariant differentiation procedure
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Small strain and finite strain tensors
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2.2 Constitutive law
Plasticity domaink on the blank
{o% : H(cV) <0}

1

a) von Mises material: H (o) = 3ss;; — k?
st = s;; = o' — 15" o** as deviator ob*/ andk # 0 is a constant.

b) Tresca material: H (o) = max|o; — 0| — k
where the maximum is computed over all eigenvalues of theotest’ andk > 0 is again a
constant.

Total strain is the sum of an elastic part and a plastic pat, i
€ij = €5+ 55-.
Generalized Hooke’s law
efi =L o
Deformation theory

1/ 35557 —k
2L syst
wheres;; is the deviator stress andis a material constant.
Flow theory
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2.3 Plasticity zone in the spinning disc and in the annular dic

Circular disc of thickness and densityp rotating with constant angular velocity.
(r, ¢, z) are the cylindrical coordinates amgandr, are the non-zero Cauchy stress components

or, T — Ty

or r

Von Mises-plasticity law possessing the yield condition

= —puw’r.

T2 — o Ty + 7'3) = k? (k = const) .
Connection between Cauchy stresses and small skamsde,,
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¢p=—F T+ % (1o, — 7).
New variables
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0oty Tp—Typ

dp p
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T, —TpTp + 7, =1.

Ansatz (Arutyunyan et al., 1987)
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ODE problem

Compatibility condition

P =0,
dp p
Linear ODE problem
14+v dv 1+v
V3sinw + cosw) — 4+ W [ sin w—+
204\/3( ) dp ap
V3 dU 1—2v dU
+ —— (ﬁcosw—sinw) = sinw—
2 dp V3a dp
Elastic domaim < p < 1.
Hooke’s law
1
€p = 5 (Tﬂ - VTLP)?
1
€p = B (1o —vTp).

General solution

1 AB+v
Tp:C(l—ﬁ>+%(l—p2),

Iy A
T,,zc(1+p)+§[3+u—(1+3y)p2].

For p = a(p) we have to guarantee the continuity of the radial and tamgjesitesses
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Annular plate of thicknes#, of outer radiush and of inner radius, clamped at the inner edge
with the outer edge free subjected to uniform radial congloe at the inner edges

For the exactness of the deformation theory it is in the Waithg assumed that (Korovlev, 1971)

%> 037
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Lamé formula for the tangential and radial stresses depgnoin the actual radius by (Filin,

1975)
Tr

and
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The stress intensity is
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e = 2 (7 = )
Tint = 4 To — Tr
with g = 2543,
. _ 2E (1 1
a) Elastic zone: 77 = —?A (r_2 — ﬁ) ,
2F 1 1
75:‘?4(72+ﬁ> :
. 4k
b) Plastic zone: 77 = — <lnf — m) ,
30 a
4k r
7523— (lng—/@—i—l)
with s = 322
The continuity and compatibility conditions lead to
€ — 4P
Tlr=ro ' Tlr=ro
and
4k
T; -1 = % .
Critical pressure
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= — In —
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ag 1= g is the spinning ratio in metal forming process.



2.4 Friction theory
Displacement: tangential and normal parts
U =ur+unn,
whereuy = u - n anduy = (id — n ® n)u. Surface stresp
p=Ppr+pNn,

py is the contact pressure.
The tangential relative velocityr is decomposed into the adherence part and the slipping part
ur = uf + af .

Adherence part

Dbr = _kujqd
wherek is the elastic contact stiffness.
Slipping part
ov
- sl s
uT - ,YapT 9

where the slip potential determines the direction of slip, andis a real function. The state of
friction is determined by the slip functioh and the loading and unloading conditions

loading: ®>0 , =0,

unloading: =0 , 4>0
and

® < 0 = adherence,

® > 0= slipping.
(Ronda and Colville, 1995)

2.5 Large deformation dynamic elastic-plastic contact prblem
=100 108 T=0Q=0" V00 = TAU 'I'P
(z) Equilibrium equations
(™8] +o™uly) |, +pf" = pfi + pfe + pfy,
te (0,T), e 'Q.
(ii) Kinematic boundary conditions (prescribed
displacements)
ui(x,t) = Ui(x, 1),
xe Ty ="TAU'TE te(0,T).
(iii) Prescribed boundary forces
[Ukl5f + Jklufl]nk = F',
(n1,ne, n3 components of)
xec 'l te(0,7).
(iv) Tangential frictional stress
Jijnj — ijnjnkni = Fi,
z€'Tr, te(0,T).
(v) Initial conditions
ui(x,0) = Upi(x), Ui (x,0) = Upi(x) .



pis the density of the materiaf! are body forcesf? are inertia forcesf’, are Coriolis forces and
f% denotes the centripetal forces:

sz — (I)Azmum , (I)Azm — 26inm Wn

0%ut

fo = @ALu™, @Al =éMepppwwh | £ = 52

m

(Duvant and Lions, 1972)

Main goals of the analysis:

1. Estimation of the contact area between roller tool anceriadt

2. Derivation of upper bounds for stresses at the inner banynaf the flange ring

3. Test of sufficient conditions for the stability of the cmeged solution using energy methods

3 Plastic buckling and flutter bifurcations in quasi-static problems

General buckling theory
Consider inR? the system
eij = Kijlug] in 'Q
(A)S Lolo, ug, fi]=0 in 'Q,a=12,...,

f}g[a”,ui,Ui,FZ]zo on 'T',p=12,...,

where{e;;, o' uy} are generalized strains, stresses and displacements.

Loads are dead loads, forces not depending on displacements
Fix a timety and consider the variational equation

(56,’j = KZO] [6uk] in totdtQ
(B) LY [60% | du;, 6] =0 in fFtQ
LY [60% , bu;, 6U; ,6f] =0 to+0t
ﬁ[o— 9 uZa () f] on Y
(a:1,2,..., ﬁZI,Q,....)

Plastic wrinkling is associated with non-uniqueness aifitbmh prolongation at = ¢y (Hill, 1958;
Hutchinson, 1974). -
Suppos€(&;;, 5%, ux } and{g;j, 5", iy} are two solutions starting &:

A&Z’j =E&jj — &jj = (56@' ,
Aot =5 — 5% = 6411

Au; = u; — G

Homogenous perturbational system

( Negjj = KZQ]- [Aug] in fotitQ

LY [AoY | Au;, 0] =0 in fototQ

(C) L5 [Ac™, Aug, 0,00=0 on '+,
Al — { L?m” - DNemn in ot QO (elastid,
\ L™ - Nepn in 9t Q, (plastig.

(Klyushnikov, 1980)



3.1 Plastic wrinkling of shells
Averaged stresses (over the shell thickness)
. hj2
NY :/ odz,
—h/2
Bending moments
. hf2
MY :/ ozdz  (i,j=x,y)
—h/2
Shearing forces
. hj2
Q' = / o3idz .
—h/2

Kirchhoff-Love assumption

eij = eij +2rij, 2€[-%4], i,j=1,2

oy (= 0w
Kij = W,ij (= gp55-
Force equilibrium equations

8N11 8N12 8N22 8N21
+——=0, —+ =0,
ox oy oy ox
Q"' | 9Q? 11 Pw 12 o1y 0w
= 4y NUZ 4 (NP2 NP
Ox + oy + Ox? + + )axay
0w
+ N22 — F3
o0y
Moment equilibrium equations
aMll N 8M12 _ Ql
ox oy ’
aMQZ N 8M21 _ Q2
dy or '
. y . 3
N?;:O, Mflj-j—i-N”w,i]’:F .
Denote bys® = dev o'/ = 0% — 1§ o** the deviator of the stress tensor, andiy = /1 s%7s;;
the stress intensity is the elastic shear moduluk,is Young's modulusf; = Tint, is the secant
€int
G . . . o

modulus,G’ = T — Is the instantaneous shear modulus arid the loading index,
' 14+3G(5; — 5)
ie.

#0 in plastic parts
o = . .
0 in elastic parts
Material law

60" = 2G [d67 4 675e — 8ol ey,

int

(¢, 5,k = 1,2)



Ny h/2 o
ANY = 2@G / (A 4 59 NekFYdz — /
—h/2

- plastic part
. [ rh/2 g .
AMY = 2G / (A + 59 NeFF)zdz — /
—h/2 _
- plastic part
Aeij = A €ij + ZAHZ']' s
ANY = AN, and AMY = D" Nk,
with
Aijmn = 2Gh |:5zm +5jn +5ij5mn o ag O_ijo_mn:| ’
2O-int
Dijmn _ Gh3 5zm5jn + 5Zj5mn o @ O_ijo_mn
6 201211t
Special cas&V’/ = ho'/ (constant stress over the plate)
Bifurcation equation for plastic-elastic buckling
1 G'\ 1 . 3¢t
Aw,i]'ij — Z (1 — 5) UTtUl]UmnAw:m"ij + —GhZ Awyij
m’

(Klyushnikov, 1980; Korovlev, 1971)

3.2 The plastic buckling behaviour of thin plates under contant pressure

a) Simply supported rectangular plate

Conditions
N?? = N2 =0.
Writing N'!' = — 1,,;h we get the bifurcation equation
9w 0%w
2 —
DQA w — ng +TinthW =0

wherew denotes the displacements in transversal to the platetidinec
Case 1:All edges are freely supported.

w(z,y) = Asin mre sin%
w2 m? n? na?
Tint = G [(D2 ~ D) T2y +D2m] '

(n = 1 and an elastic-plastic material with= EES) (Korovlev, 1971)
14368 (b\? , /a\2 1
i (‘) o+ (3) o 2

Case 2:The edges = 0 andz = a are supported and the edges- +-b/2 are free. Under these
assumptions the buckling mode can be considered as

w2 h?
€int = — -5
a b2

(m eN).

mmx

= Asi
w(zx) sin —



Critical load for wrinkling

2 h?
—(1 —.
36( +36) a?

Tint =

b) Circular plate under constant inplane pressure

NU =NZ2=r1,.h and N?=0 as
(Dy — D3)A?w + TinghAw = 0.

(D2 — Dg)Aq) + Tint h® =0

Case 1:Axisymmetric plastic buckling

& = CJy(r) whereJy(r) is the Bessel function of degrée

Case 2:Non-axisymmetric plastic buckling

Buckling mode
®(r,) = R(r)cos np

Bifurcation equation

" RI 2
1%+—+<H—%>R:o
T T

The solutions are the Bessel functions of théh orderR(r) = C J,(r) (C = const).

a2k? h\?2
int > —— (1 -] .
Tint 26 ( +3a)(a>

¢) Annular plate under inplane pressure

Suppose there is given an annular plate witihe effective stress in the flangethe thickness of
the flange E the plastic buckling modulusy the actual flange width){ a material constant. If

than no flange wrinkling occurs.
(Kobayashi, 1963)

3.3 Plastic buckling and plastic flutter
Homogenous perturbational system in the presence ofarferttes (Bolotin, 1963)

0%u .
LU,—W = 0 n QX(O,T),
Mu = 0 on Tpx(0,7T),

Nu = 0 on I'rx(0,7),
Associated static boundary value problem

Lu = 0 in Q,
Mu = 0 on I'p,
Nu = 0 on Tg.



Vibrational solutions in the form
u(z,t) = Ulx)e™!

whereU is an unknown function of the phase variables and¢ C is an unknown frequency.
Boundary value problems

LU+wU = 0 in Q,
MU = 0 on I'p,
NU = 0 on T'g.

Condition for the self-adjointness is

/ { [ Lo 4 w2U<1>] U@ _ [ Lu® 4 sz@)] U(1>}
Q
=0,

(For all perturbationdg/(V), U(? satisfying the boundary conditions.)
Suppose now that for a certain valuethe system has a nontrivial solution. If the system is
selfadjoint the associated numbeft is real. In this case the loss of stability is statically: vewé
a buckling bifurcation in the variational system.
Consider the PDE problem
*w Pw

a 1 +’I'mtha B =0.

Including inertia forces we come to the plastic wave equafiocdenotes the material density)

(D2 — D3) =

0w 0w 0w
(D2_D3)84+Tlnth82+p8t2 =0.
Assume the initial conditions
0w 0w
w(O,t):w(a,t):O,aQ(Ot) (%2( t)y=0,t>0.

We try to find a wave solution in the form
w(z,t) = W(zx)e!

whereW (z) is an unknown function and € C is a parameter to be defined.
We receive the ODE problem

(Dy — D)WW 4 7, hW @ 4 p(—®)W =0
or
w4+ Pw® 52w =0.

With the abbreviations

the critical intensityr;;, for dynamic plastic wrinkling is

2 (D2 — Ds)
h

g2
1nt k
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ODE model for the impact-contact problem
(Kirdeev et al., 1984)

mi + c(y1 + A) + k(y1 —y2) =0,

miga + c1y2 + £(1,5y2 — y1 — 0,5y3 — 0,5y4) = miew
mijs + c(ys — A) + k(y3 — 0,5y2) = 0,

mys + c(ya + A) + £(ys — 0,5y2) = 0.
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Elasto-plastic analysis of flange wrinkling in deep drawingprocess

Energy methods

Geckeler, 1928; Yu & Johnson, 1982; Yossifon & Tirosh, 198dng & Lee, 1992; Cao, 1999
Hill’s bifurcation theory

Fatnassi et al., 1984; Naruse, 1986; Améziane-Hassani &NE200; Wang et al., 1994; Scherzinger
& Triantafyllidis, 2000; Chu & Xu, 2001,

Convential sheet metal spinning

Instability and wrinkling

(bifurcation analysis and energy methods)

Siebel & Droge, 1954; Reichel, 1958; Avitzur & Yang, 1960;|gakciaglu, 1961; Kegg, 1961,
Kobayashi, 1963; Wells, 1968; Barkaya, 1974; Kirdeev etl#l84; Korol'kov, 2001,

Roller pass programming

Mogil'nyi, 1972; Hayama et al., 1991; Korol'kov et al., 1999

Satistic and time-series analysis

Mogil'nyi & Moisseev, 1979; Kiryanov & Mishunin, 1997; Sulian et al., 2000; Malenichev &
Val'ter, 2001;

Stability of a spinning disc with a transverse concentratedoad
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