1 The contact-impact problem in continuum mechanics

1.1 Basic facts from finite-deformation theory

Deformation is a one-parametric family of smooth m;{x@é}te[oﬂ
P :QCR SR,
In local coordinates
o =g (521, 22 %3,75) . i=1,23 , telo,T].

The deformation tensaF in the point (55 Lz %3) with respect to the basig1, es, e3} in R3 is
defined by

i

F'=

e Nej.

oz’
Here{e; A ej}1<i<j<3 denotes the basis of the second exterior poiieén” 2.

SupposeS C 2 a small surface with outer normal(x) in the pointz € S andS’ the surface
after deformation undeF

The force acting on a small pat§’ from the positive normal side is defined By (x)n;dS, where
n; are the components of(x)

s% is the first Piola-Kirchhoff tensor

If the columns of f’i> are linearly independent we can write

oz’
s = Jilaiof .
o'l is the second Piola-Kirchhoff tensor
o= 2t +ui(z 2], 20 t)

Small strain tensot;;

1 8ul (9Uj
€ij = b 55 + o
ox Or
Lagrange strain tensor
1 OuF Ouy
€ij =€+ 5 57 o
2 ' oy

Equilibrium equation with body force$’ and material density

aj ) 20,7
80 +p<f]_a_u>:0

o™ ot?

In tensor notation
The Christoffel symbols

1 (Ogu  Ogj  0Ogij
kL it 995\ ik
i =3 (aga’ * e T ol



Contravariant differentiation procedure

Ou,j B

Ugi = Vz-u]- = 8—51 I’fjuk
: Ol .
u{z =V = 96 + F{ciuk.

Small strain and finite strain tensors

1
€ij = E(Viu]' + V]"u,i)
s = §; dgt ded 02 e
9 05 0T L o s —ds = 2ey; det de
ds*> = g;; d¢' del
Lagrange strain tensor

1 ° 1
eij = 5(9ij = 9ij) = eij + §gaﬁviuavju5.

Newton’s law of motiono™ (6"; + u'})] ; = pi’

1.2 Constitutive law

Plasticity domaink on the body
K = {0V : H(cV) <0}

a) von Mises material: H(0%) = Lsis;; — k?
st = s;; = o'l — 15 o** as deviator ob*/ andk # 0 is a constant.

b) Tresca material: H (o) = max|o; — 0| — k
where the maximum is computed over all eigenvalues of theotest’ andk > 0 is again a
constant.

Total strain is the sum of an elastic part and a plastic pat, i

——— p
51] = ‘5z'j + 6”

Deformation theory

1o ij _
1 /388" —k
ij el

2L sigsti

wheres;; is the deviator stress andis a material constant.
Flow theory
P oY

= = 88 4 &P
€ = Aaoij €ij = €ij T €55




1.3 Plasticity zone in the spinning disc and in the annular dic

Circular disc of thickness and densityp rotating with constant angular velocity.
(r, ¢, z) are the cylindrical coordinates amgandr,, are the non-zero Cauchy stress components

or, T — Ty

_ 2
or r P
Example (ODE from the theory of plasticity)
z1(t) = g(t) — z2(t) , g(t) given force
(1) = 0 if |zo(t)|=1 and zi(t)z2(t) >0
P20 =\ Bri(t)  otherwise

= a) ODE with discontinuous right-hand side (Filippov’s thgo
J. L. Buhite, D.R. Owen
Arch. Rational. Mech.Anal.
61, 357 - 383, 1981

b) Differential inclusions

z(t) + Az(t) 2 f(t)
(maximal monotone operators in the sense of Brezis)

Types of contact

o
Two circular discs in frictionless A long roller
contact and a thick elastic body

in frictional contact

tooling surface

Elastic-plastic contact between tooling surface and atshee



Von Mises-plasticity law possessing the yield condition

=TT+ T =k (k = const) .

Connection between Cauchy stresses and small siamsde,,

1-20 (1+v)¥

e = —p T + 7 (rr — 7),
1-20 (1+0)¥
€p=—F—T + T (1o, — 7).
New variables
p= % , Ty = % and 7, := Tp
and the constants
Ts E pw?rd
= — =— and A=
T YT % 2
07 | T e _xp , 0<p<l,
op

2 2 _
T, —TpTp+1,=1.

Ansatz (Arutyunyan et al., 1987)

ODE problem

Compatibility condition

9¢) o= _q
dp p
Linear ODE problem

1 dv 1
i (V3sinw + cosw) — + T [ +Vsinw+

20/3 dp ap
V3 d¥

T

(ﬁcosw—sinw)] :1_2V A

Elastic domairu < p < 1.
Hooke’s law



General solution

1 AB+v
Tp:C(l—ﬁ>+%(l—p2),

qzc(1+gg+7ﬂ3+u—u+3mpy
For p = a(p) we have to guarantee the continuity of the radial and tamgjesitesses
A v
c(1-%)+26M0-a) =

% cos (@(a) + %)

T,,:c(l_e_%pi“?’;”(l_:_%),

Tp:C(l—{—u—g)-{—%[3+V—(1+3V)Z_§}'
3 ¢

Annular plate of thicknes#, of outer radiush and of inner radius, clamped at the inner edge
with the outer edge free subjected to uniform radial congloe at the inner edges

For the exactness of the deformation theory it is in the falhy assumed that (Korovlev, 1971)

a

- >0.37

b2
Lamé formula for the tangential and radial stresses depgnoin the actual radius by (Filin,
1975)

pa? b?

TEp_g e

and

_ pa® (¥
To =2 _ g2 2]

The stress intensity is

3
Tint = Zﬁ (Tp — 7r)
with § = 2433 |
. _ 2E (1 1
a) Elastic zone: 77 = —?A (r_2 — ﬁ) ,

b) Plastic zone: 77 = il (lnZ — n) ,

30 a
T£:%<ln£—lﬁ:+l)



Wlthn—f—k.

The continuity and compatibility conditions lead to

Temro = Tiozr,
and
7':, — 75 = % .
Critical pressure
4k = a
Per = 3 In 7

ag 1= g is the spinning ratio in metal forming process.

1.4 Friction theory

Displacement: tangential and normal parts
U =uUr+unn,
whereuy = u - n anduy = (id — n ® n)u. Surface stresp
P =DPr +tpNm,

pn is the contact pressure.
The tangential relative velocityr is decomposed into the adherence part and the slipping part

up =t + i

Adherence part

Dbr = —kuiﬁd
wherek is the elastic contact stiffness.
Slipping part
ov
. sl _ A
U’T - yapT 9

where the slip potential determines the direction of slip, andis a real function. The state of
friction is determined by the slip functioh and the loading and unloading conditions

loading: ®>0 , =0,

unloading: =0 , 4>0
and

® < 0 = adherence,

® > 0= slipping.
(Ronda and Colville, 1995)



1.5 Large deformation dynamic elastic-plastic contact prblem
=040 T=0'Q=0'01u0'0F = T4y TP

(z) Equilibrium equations
(M8} + o*ul)) |+ pf" = pfi + oG+ 1Y,
te (0,7), x=€'Q.
(ii) Kinematic boundary conditions (prescribed
displacements)
ui(z,t) = Ui(x, t),
ze Ty =TauTE, te(0,T).
(iii) Prescribed boundary forces
(™ot + Uklufl]nk = F',
(n1,n92,ng components of:)
zec'l'B, te(0,T).
(iv) Tangential frictional stress
aijnj — Ujknjnkni = ]:i,
z €'Tr, te(0,7).
(v) Initial conditions
ui(x,0) = Upi(x), u;i(x,0) = Upi(x) .

p is the density of the materiaf! are body forcesf? are inertia forcesf’, are Coriolis forces and
f% denotes the centripetal forces:

fé‘ — (I)Azmum , (I)Azm — 26inm Wn

. . . - v . 0%
2= eAnu™ s @A = " emr i’ f1 = 25
Weak form of the equations of motion:
Find a functionu® s.t.
/(Uklgli + ot (v gy — 1y )V — / F'(v; — 1) dy
tQ D
— / Fi(’uz' — ’L'Li)d’y — /{FN(UN — ’CLN) + fT(UT — iLT)}d’y

Ty Tp
+ [ it = £ = fi = £ — i)V =0
tQ

for all test functionsy; € V. W22('Q).
(Duvant and Lions, 1972)
Abstract formulation:

¢ Variational equation of the second order

+ parabolic regularization (depending on a paramg}er
+ a priori estimates  (not depending an
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+ A= 0 = unique solutiors*/

e = First-order Cauchy-problem in a Hilbert spdcen the feedback form

2= Az + by (c*2,t), A-generator of
z(0) = zp a semigroup

e Linearpart:z = Az + bu(t), o=c"z

x(p) = ¢*(A—pI)~'b transfer
tion
(p) = rational function = ODE
X\P) = meromorphic function = PDE

2 Plastic buckling and flutter bifurcations in quasi-static problems

2.1 General buckling theory
Consider inR? the system
eij = Kijlug] in 'Q
(A)S LooV, u;, f1=0 in Q,a=12,...,
f}g[aij, u;, U, F']=0 on 'T,B=1,2,...,
where{e;;, 0%, u; } are generalized strains, stresses and displacements.

Loads are dead loads, forces not depending on displacements
Fix a timety and consider the variational equation

(56@' = KZO] [6uk] in totdtQ
(B) LY [60% | $u;, 6f1] =0 in ‘fotitQ
LY [66% , Su;, 6U; 6] =0 to+0t
ﬁ[a 9 uza () f] on Y
(a:1,2,..., ﬁ:1,2,....)

Plastic wrinkling is associated with non-uniqueness difitbmh prolongation at = ¢y (Hill, 1958;
Hutchinson, 1974). -
Suppos€(&;;, 5%, ux } and{g;j, 5", iy} are two solutions starting &:

Aaij = Eij — & = 56ij ,

Ao =59 — 5 = §gi

Au; = u; — G

Homogenous perturbational system

( Aeiy = K [Auy] in ftototQ

LY [Ad® | Aug, 0] =0 in fFotQ

(C) L§[Ac', Aui, 0,00=0 on 'otoT,
Al — { L;]'m” - Nemn in ttQ, (elastig,
| L™ - Nemn, in fotQ (plastio).

(Klyushnikov, 1980)



2.2 Plastic wrinkling of shells
Averaged stresses (over the shell thickness)
. hj2
NY :/ odz,
—h/2
Bending moments
. hf2
MY :/ ozdz  (i,j=x,y)
—h/2
Shearing forces
. hj2
Q' = / o3idz .
—h/2

Kirchhoff-Love assumption

eij = eij +2rij, 2€[-%4], i,j=1,2

oy (= 0w
Kij = W,ij (= gp55-
Force equilibrium equations

8N11 8N12 8N22 8N21
+——=0, —+ =0,
ox oy oy ox
Q"' | 9Q? 11 Pw 12 o1y 0w
= 4y NUZ 4 (NP2 NP
Ox + oy + Ox? + + )axay
0w
+ N22 — F3
o0y
Moment equilibrium equations
aMll N 8M12 _ Ql
ox oy ’
aMQZ N 8M21 _ Q2
dy or '
. y . 3
N?;:O, Mflj-j—i-N”w,i]’:F .
Denote bys® = dev o'/ = 0% — 1§ o** the deviator of the stress tensor, andiy = /1 s%7s;;
the stress intensity is the elastic shear moduluk,is Young's modulusf; = Tint, is the secant
€int
G . . . o

modulus,G’ = T — Is the instantaneous shear modulus arid the loading index,
' 14+3G(5; — 5)
ie.

#0 in plastic parts
o = . .
0 in elastic parts
Material law

60" = 2G [d67 4 675e — 8ol ey,

int

(¢, 5,k = 1,2)



Ny h/2 o
ANY = 2@G / (A 4 59 NekFYdz — /
—h/2

- plastic part
. [ rh/2 g .
AMY = 2G / (A + 59 NeFF)zdz — /
—h/2 _
- plastic part
Aeij = A €ij + ZAHZ']' s
ANY = AN, and AMY = D" Nk,
with
Aijmn = 2Gh |:5zm +5jn +5ij5mn o ag O_ijo_mn:| ’
2O-int
Dijmn _ Gh3 5zm5jn + 5Zj5mn o @ O_ijo_mn
6 201211t
Special cas&V’/ = ho'/ (constant stress over the plate)
Bifurcation equation for plastic-elastic buckling
1 G'\ 1 . 3¢t
Aw,i]'ij — Z (1 — 5) UTtUl]UmnAw:m"ij + —GhZ Awyij
m’

(Klyushnikov, 1980; Korovlev, 1971)

2.3 The plastic buckling behaviour of thin plates under contant pressure

a) Simply supported rectangular plate

Conditions
N?? = N2 =0.
Writing N'!' = — 1,,;h we get the bifurcation equation
9w 0%w
2 —
DQA w — ng +TinthW =0

wherew denotes the displacements in transversal to the platetidinec
Case 1:All edges are freely supported.

w(z,y) = Asin mre sin%
w2 m? n? na?
Tint = G [(D2 ~ D) T2y +D2m] '

(n = 1 and an elastic-plastic material with= EES) (Korovlev, 1971)
14368 (b\? , /a\2 1
i (‘) o+ (3) o 2

Case 2:The edges = 0 andz = a are supported and the edges- +-b/2 are free. Under these
assumptions the buckling mode can be considered as

w2 h?
€int = — -5
a b2

(m eN).

mmx

= Asi
w(zx) sin —

10



Critical load for wrinkling

2 h?
—(1 —.
36( +36) a?

Tint =

b) Circular plate under constant inplane pressure

NU =NZ2=r1,.h and N?=0 as
(Dy — D3)A?w + TinghAw = 0.

(D2 — Dg)Aq) + Tint h® =0

Case 1:Axisymmetric plastic buckling

& = CJy(r) whereJy(r) is the Bessel function of degrée

Case 2:Non-axisymmetric plastic buckling
Buckling mode
®(r,) = R(r)cos np

Bifurcation equation

" RI 2
1%+—+<H—%>R:o
T T

The solutions are the Bessel functions of théh orderR(r) = C J,(r) (C = const).
a’k? h\?
> — .
Tint 2 ~o0 (14 3a) (a)

¢) Annular plate under inplane pressure

Suppose there is given an annular plate witihe effective stress in the flangethe thickness of
the flange E the plastic buckling modulusy the actual flange width){ a material constant. If

than no flange wrinkling occurs.
(Kobayashi, 1963)

2.4 Plastic buckling and plastic flutter
Homogenous perturbational system in the presence ofarferttes (Bolotin, 1963)

0%u .
LU,—W = 0 n QX(O,T),
Mu = 0 on Tpx(0,7T),

Nu = 0 on I'rx(0,7),
Associated static boundary value problem

Lu = 0 in Q,
Mu = 0 on I'p,
Nu = 0 on Tg.

11



Vibrational solutions in the form
u(z,t) = Ulx)e™!

whereU is an unknown function of the phase variables and¢ C is an unknown frequency.
Boundary value problems

LU+wU = 0 in Q,
MU = 0 on I'p,
NU = 0 on T'g.

Condition for the self-adjointness is

/ { [ Lo 4 w2U<1>] U@ _ [ Lu® 4 sz@)] U(1>}
Q
=0,

(For all perturbationdg/(V), U(? satisfying the boundary conditions.)
Suppose now that for a certain valuethe system has a nontrivial solution. If the system is
selfadjoint the associated numbeft is real. In this case the loss of stability is statically: vewé
a buckling bifurcation in the variational system.
Consider the PDE problem
*w Pw

a 1 +’I'mtha B =0.

Including inertia forces we come to the plastic wave equafiocdenotes the material density)

(D2 — D3) =

0w 0w 0w
(D2_D3)84+Tlnth82+p8t2 =0.
Assume the initial conditions
0w 0w
w(O,t):w(a,t):O,aQ(Ot) (%2( t)y=0,t>0.

We try to find a wave solution in the form
w(z,t) = W(zx)e!

whereW (z) is an unknown function and € C is a parameter to be defined.
We receive the ODE problem

(Dy — D)WW 4 7, hW @ 4 p(—®)W =0
or
w4+ Pw® 52w =0.

With the abbreviations

the critical intensityr;;, for dynamic plastic wrinkling is

2 (D2 — Ds)
h

g2
1nt k

12



2.5 3.5 ODE model for the impact-contact problem

(Kirdeev et al., 1984)
mi1 + c(y1 + A) + k(y1 —y2) =0,

maja + c1y2 + k(1,5y2 — y1 — 0,5y3 — 0, 5y4) = miew? sin(wt + @),

mys + c(ys — A) + k(ys — 0,5y2) =0,

mijs + c(ys + A) + £(ya — 0,5y2) = 0.

3 Dynamic buckling

Given i = f(t,z) (4.1)
in the Banach spacB with || - ||, t € J = [to,t0 +T), T < 400

a) Def. (stability on a finite time interval)

(4.1) is stable w. r. t. (o, B, t0, T, || - ||), @ < B, if for every solutionz(t) of (4.1), ||z(to)|| < «
implies||z(t)|| < gforallt € J.

b) Lyapunov stableYe > 03§ > 0 :

lz(to)ll <0 = [lz(t)]| <e V>t

C) (4.1) is unstable w. r. tta, B, to, T, || - |]),

a < 3, if there exists a solutiom(t) of (4.1) with||z(¢)|| < «, and a value of time; € (¢y, to+7")

s.t.||z(t)]] = 5.

x (ty)

a) b) C)

Lyapunov stables stability on a finite time interval;

Stability on a finite time intervad>- Lyapunov stability
Chetaev, 1935; Kamenkov, 1953; La Salle, Lefschetz, 1961,

T. Kapitaniak, J. Brindley: Practical stability of chaoéittractors. Chaos, Solitons and Fractals 9 (1998),
43 - 50.

Theorem (Weiss & Infante, 1965) (4.1) is stable with respectdos, to, T, || - ||), 8 > «, if there
existV(t,z) € C° x C' and an integrable functiop on J s. t.

(i) V(t,z) < (t) Vx € B(B)\B(a),Va € J;

to
(i) / o(t)dt < minV(ty, ) — max V (£, z)
t [ll|=5 [lz]|=a
Vi < to,ty,t0 € J.
Remark No requirement of definiteness on such functions or theivaltive.
Giveng” = P"(t,q", ... ,q%d",... ")
Variational equation

13



é‘r = AP’"(&I, ?§n7£1’ ’én)
Stability on a finite time interval, ¢.,) :

8 AP'E = Z AP <0 for0<t<te
=1

Loss of stability = bifurcation
8;; AP'E >0 fort > t, and at least

for one perturbed solutiog
Dynamic bifurcation functional

Q(ut, i’ t,\) = /5mnAPmu"dV = /p5mni],mundv =

tQ
:/[ aklu RUm l+ o akl]dV—i—

tQ

/[Oaklu,”;—l—akl(617”+OUT)L;Cdv— / LFmupdy

tQ Tp
€kl = I(Ukl+ullc+ u'y ™ Uy +0 U U, k)

Example (varlatlonal system)

A dynamical systen{¢’},c; is stable orty, T') with respect to a regulat x n matrix function
S(x) if for all sufficiently smallp > 0 from

(S(z0)z0,S(z0)T0) < p? it follows that

(S (z0))" (w0), S (" (z0))¢" (z0)) < p? forall ¢ € [to, T).

Special casep' = f,S(z) = p(z)I ,

0<p <p(z)<py, VeeUCR"

Harmonic oscillator

é—i— al=0 ,a>0

g=¢ 2=¢

é“l — 52 API

£2 = —at' = AP?

V(e €2) = (€)2 + L(e2)?

V =261(€%) + & (—at) =

§2

A

s N
N
~

€2+ 32 =c

2¢LAP! + 2AP?) =0

Stability condition: ” ||Df Df|l <1
IDf(z)"Df(x )Il—al( )

a1(xz) > -+ > a,(x) singular values oD f (x)
= Stability condition%al (x) < 1forallz e U

14



wq(z) = a1 (z)aa(z) - - agy (x)orgy 4 (z)
singular value function
d=dy+s, dy€{0,1,...,n—1},5€0,1)
Generalisation’%wd(a:) <1
Vee K CU,
whereK C U is a compact -invariant set
= hiop(f) < max{0,In ||Df ()|} dimp K
ODE case
t=f(x), V:U->R,UDK,p"(K)=K
Ai(z) > --- > A, () are the ordered eigenvaluesiiD f (z)* + D f(z)]

T
> 0: / V(7 (2)) + A1 (07 (@) + - + 5Aay (7 (2)) + Adg1 (47 ()] < 0
0
K

Conclusions

1. Determination of critical parametefs.,, A.,} and displacements by means of the bifurca-
tion functional

2. Postbuckling behaviour / Calculation of the bifurcategietctory (displacement field)

e Use of the variational principle from
continuum mechanics

Durant/ Lions, 1972
Lee, L.H. N./Ni, C. M., 1973

1
inf / [aklékl + 50 iim W™ = pf i | AV

umeV
ter Q)
— / FFiiy, dvy
tcrl"F
1 m
€kl = §(Uk,z + Uk + Ul Umy),
) ow : .
gkl = —— | W= strain - rate potential
a&kl
OW = Lklmnéklémn ) bmngmn S 0

Lklmnéklémn - (bmnﬁmn)2 ) bmnémn S 0

e Galerkin method / wavelet approximaties finite dimensional optimization problem

15



3. Time series analysis for determining the (nonlinearyiroiition type (saddle node, Hopf,
static wrinkling or elastic-plastic wave etc.)

Example: z = f(z,\), f(0,0) =0,
eigenvalues ofZ (0,0) :

e12(MN) o =Fiw, weR, w#0,
Reepr #0, k=3,... ,n

normal form: 7 = \r — L3 |
(n=2)  o=glpr)

L # 0 = Hopf bifurcation
If the right-hand parff is available=- computation off.
Ifnot: L >0 & ﬁ{%ﬁmhzo > 0 ~ can be measured by varying
Existence results for plastic and frictional contact probems
Duvant & Lions, 1972; Moreau, 1976; Johnson, 1976; Ciort &ieg 1980; Néas & Hlava&ek,
1981; Temam, 1985; Rabier et al., 1986; Monteiro Marcqu@d41
Basic results for elasto-plastic stability and wrinkling o shells
Hill, 1958; II'yushin, 1963; Korovlev, 1971; Hutchinson914; Klyushnikov, 1980; Palmov, 1998;
Non-linear shell theory
Mushtari, 1957; Vlasov, 1958; Donnell, 1976;
Elasto-plastic analysis of flange wrinkling in deep drawingprocess
Energy methods
Geckeler, 1928; Yu & Johnson, 1982; Yossifon & Tirosh, 1984dng & Lee, 1992; Cao, 1999
Hill’s bifurcation theory
Fatnassi et al., 1984; Naruse, 1986; Améziane-Hassani &NE200; Wang et al., 1994; Scherzinger
& Triantafyllidis, 2000; Chu & Xu, 2001,
Convential sheet metal spinning
Instability and wrinkling
(bifurcation analysis and energy methods)
Siebel & Droge, 1954; Reichel, 1958; Avitzur & Yang, 1960;|gakciaglu, 1961; Kegg, 1961,
Kobayashi, 1963; Wells, 1968; Barkaya, 1974; Kirdeev etl#l84; Korol'kov, 2001,
Roller pass programming
Mogil'nyi, 1972; Hayama et al., 1991; Korol'kov et al., 1999
Satistic and time-series analysis
Mogil'nyi & Moisseev, 1979; Kiryanov & Mishunin, 1997; Sulian et al., 2000; Malenichev &
Val'ter, 2001;
Stability of a spinning disc with a transverse concentratedoad
(Coriolis effect, gyroscopic problems, divergence ingitgbresonance, dynamic buckling, circum-
ferential waves)
Carlin et al., 1975; Iwan & Moeller, 1976; Padovan, 1978; idpasan & Ramamurti, 1980;
Nowinski, 1983; Leung & Pinnington, 1987; Chen & Wong, 19@hen & Jhu, 1997; Huang &
Kuang, 2001;
Dynamic behavior of oscillatiors with clearance and periodcally time-varying forces
(structures with gaps and impacting, chaotic resonance)
Peterka, 1974; Panovka, 1977; Choi & Noah, 1992; Lenci £.8P4; Goldman & Muszyusha,
1994; Kahraman & Blankenship, 1997,
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Measurement of
acceleration on a plate

Measurement of strain
histories on a plate

a) front surface

N
+ v

b) back surface

L. Zhu: Stress and strain
AN AN A A analysis of plates subjected
. to transverse wedge impact
J. of Strain Analysis31, 1,
1-6,1996.

v
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