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1 "Universal" dynami
al models derived from time-series

a) Continuous time T = R

+

: PDE's of the type

��

�t

+

n

X

j=1

A

j

��

�x

j

+B'(�; t) = h(x; t); (x; t) 2 R

n

� (0;1) (1.1)

� : R

n

� [0;1)! R

m

; � = (�

1

; : : : ; �

m

)

�(O; x) = �

0

(x) ; x 2 R

n

A

j

: R

n

� [0;1)! M

m�m

; j = 1; 2; : : : ; n; B 2 M

m�p

' : R

n

� [0;1)! R

p

; h : R

n

� [0;1)! R

m

Transport equation or s
attering equation of Boltzmann-type

b) Dis
rete time T = N

0

: CML's (Coupled maps latti
es) of the type

�

j

(n + 1) = a�

j

(n) +B'(�

1

(n); n) + h

j

(n) ; n; j 2 N

0

(1.2)

�(n) = (�

1

(n); �

2

(n); : : : ) ;

�(0) = (�

0

1

; �

0

2

; : : : ) ; Coupled maps latti
es for the transport equation

a 2 R ; B 2 M

1�p

' : R � N

0

! R

p
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2 Realization of a Volterra integral equation as abstra
t

Boltzmann-type transport equation

Consider the nonlinear Volterra integral equation

�(t) = h(t) +

t

Z

0

G(t� s)'(�(s); s) ds (2.1)

with � : R

+

! U (R

n

;Hilbert spa
e) as output ,

h : R

+

! U as perturbation ;

u(�) := '(�(�); �) : R

+

! U as 
ontrol ,

8t � 0 : G(t) 2 L(U;U) as kernel and

' : U � R

+

! U as nonlinearity .

(A1) t 7! G(t) is twi
e pie
ewise-di�erentiable and

9 
 > 0; �

0

> 0 : kG(t)k

L(U;U)

� 
e

��

0

t

; 8t � 0;

Z

1

0

�

k

_

G(t)k

2

L(U;U)

+ k

�

G(t)k

2

L(U;U)

�

e

2�t

dt <1 :

(A2) 9P = P

�

; Q;R 2 L(U;U);

(�(t); P�(t))

U

+ 2(�(t); Q'(�(t); t))

U

+ ('(�(t); t); R'(�(t); t))

U

� 0

(2.2)

8�(�); '(�(�); �) ; �(�) 
ontinuous solution from (2.1)

(Quadrati
 
onstraints)

L

2

�

(R

+

;U) :=

n

f 2 L

2

lo


(R

+

;U) :

Z

1

0

jf(t)j

2

U

e

2�t

dt <1

o

is a weighted L

2

-spa
e ;

W

1;2

�

( R

+

;U) :=

n

f 2 L

2

�

(R

+

;U) :

_

f 2 L

2

�

(R

+

;U)

o

is a weighted Sobolev spa
e :
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(A3) The linear part of (2.1) is �-stable, i.e.

9 � � 0 8u 2 L

2

(R

+

;U) 7! �(�) 2W

1;2

�

(R

+

;U) ;

�(t) =

t

Z

0

G(t� s)u(s) ds

is a bounded operator.

Goal: Find Hilbert spa
es Z

1

� Z

0

� Z

�1

(Rigged Hilbert spa
e stru
ture)

and linear bounded operators

A : Z

1

! Z

�1

; B : U ! Z

�1

; C : Z

0

! U

su
h that the global stability behaviour of (2.1) 
oin
ides with the global

stability behaviour of the non-autonomous dynami
al system

_z = Az +Bu(t) (2.3)

� = Cz; u(t) = '(�(t); t) ;

and the following 
onditions are satis�ed:

(i) z(0; z

0

; u) = 0 8z

0

2 Z

0

; 8u 2 L

2

lo


(0;1;U) ;

(Initial 
ondition) ;

(ii) u(t) = 0; 8t � T ) z(t; 0; u) = 0; �(t; 0; u) = 0; 8t � T;

(Causality) ;

(iii) z(t + s; z

0

; u) = z(t; z(s; z

0

; u); �

s

u)

�(t + s; z

0

; u) = �(t; z(s; z

0

; u); �

s

u)

8z

0

2 Z

0

; 8u 2 L

2

lo


(0;1;U);8t; s � 0,

(Time-invarian
e or 
o
y
le property)

with �

s

u(t) :=

8

<

:

u(t + s) for t + s � 0 ;

0 for t + s < 0

as shift semi-group.
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Example 2.1

_x = d(y � x) ; _y = rx� y � xz ; _z = �bz + xy

d > 0; r > 0; b > 0 Lorenz equation

Nonlinearities: '

1

= xz; '

2

= xy; ' = ('

1

; '

2

) ; � = (x; y; z)

Quadrati
 
onstraints: F ('; �) := '

1

y � '

2

z;

F ((xz; xy); �) = xyz � xyz � 0 =̂(2:2)

Transfer fun
tions: ~y = �W

1

(i!) ~'

1

~z = �W

2

(i!) ~'

2

W

1

(p) =

p+d

p

2

+p(d+1)+d(1�r)

W

2

(p) = �

1

p+b

9

=

;

) G(t)

Frequen
y domain 
ondition (2.5) is satis�ed for 0 < r < 1

Asso
iated Boltzmann equation in W

1;2

�

(R

+

;R

3

)

�

We 
all this imbedding of (2.1) into a time-invariant 
ontrol system with

the same global stability behaviour.

Theorem 2.1. (Realization theorem of Kalman ([8℄), Helton ([7℄),

Salamon ([16℄))

Suppose that (2.1) is linear and the input / output pro
ess given by

(2.1) is �-stable. Then there exists an imbedding of (2.1) into a system

(2.3) with the same global stability behaviour by the Boltzmann-type

6



transport equation, i.e. by a system (2.3)

with Z

0

:= W

1;2

�

(R

+

;U); 0 < � < �

0

Z

1

:= D(A) = f� : �(s) 2W

1;2

�

(R

+

;U);

1

Z

0

e

2�s

j

�

�(s)j

2

ds <1g;

(A�)(s) :=

��(s)

�s

transport or impulse operator (2.4)

(B�)(s) := G(s)�; � 2 U(= R

n

); Cz(s) := z(0); 8z(s) 2W

1;2

�

(R

+

;U):

Example 2.2 Consider

_y = Ay +B'(�(t); t); �(t) = Cy(t)

A � n� n; B � n� 1; C � 1� n matri
es

' : R � R

+

! R

G(t) := Ce

At

B ; h(t) = Ce

At

y

0

�(t) = h(t) +

Z

t

0

G(t� s)' (�(s); s)ds

The nonlinear Boltzmann transport equation from s
attering theory

��

�t

=

��

�x

+

x

Z

0

G(x� s)'(�(s; x)) ds

is a �rst order integro-di�erential equation with boundary and initial 
on-

ditions

�(t; 0) = 0; �(0; x) = �

0

(x)

�

Suppose that we know G;P;Q and R. Then the abstra
t evolution system

gives the following information:
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Theorem 2.2. (Generalized Brusin's theorem) Consider the nonlinear

Volterra integral equation (2.1) under the assumptions (A1) { (A3).

Let

^

G(�) :=

1

R

0

e

��t

G(t) dt be the transfer operator of the kernel. As-

sume that the 
lass of nonlinearities des
ribed by (A2) 
ontains at

least one linear fun
tion '(�; t) = K� with K 2 L(U;U) su
h that

the operator (I �

^

G(�)K)

�1

has a �nite number of singularities in the

strip 0 < "

1

� Re� � "

2

:

Suppose that the frequen
y{domain 
ondition

^

G

�

(i!)PG(i!) + 2Re(Q

�

G(i!)) +R > 0 8! 2 R (2.5)

is satis�ed.

Then the nonlinear integral equation (2.1) 
an be imbedded into a non-

autonomous dynami
al system (2.3) with the same global stability be-

haviour realized as transport equation (2.4), i.e. there exists linear

bounded operator M = M

�

: W

1;2

�

(R

+

;U) ! W

1;2

�

(R

+

;U) with the

following properties.

1) If �(t) = �(t; h) with h 2 W

1;2

�

(R

+

;U) is a 
ontinuous solution of

the integral equation (2.1) then the solution z(t) = z(t; h) of (2.3) with

z(0; h) = h exists and there is a positive Æ > 0 su
h that

Z

t

2

t

1

�

j'(�(t); t) j

2

U

+ k z(t) k

2

W

1;2

�

�

dt � Æ (Mz(t); z(t))

�

�

t

2

t

1

8 0 � t

1

< t

2

2) Suppose (�(�); h(�)) satis�es (2.1) and (h(�);Mh(�)) < 0. Then

�(�) 2 L

2

(R

+

;U), i.e. it is stable. If (h(�);Mh(�)) > 0 then �(�)

8



is unstable, i.e. there exists a number � > 0 su
h that

lim

T!1

e

��T

Z

T

0

j'(�(t); t) j

2

U

dt =1 :

3) M is the operator solution of a linear integral equation.

Remark 2.1 The (algebrai
) dimension d of the 
one

fh 2 W

1;2

�

(R

+

;U) : (Mh; h) > 0g is �nite and 
oin
ides with the

topologi
al dimension of an orbit 
losure M := 
lfz(t); t � 0g of system

(2.3). Thus d real 
oordinates are suÆ
ient to des
ribe by one-to-one map

the points inM. �
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3 Realization of a time-series as output of a dis
rete-time

Boltzmann-type transport equation

Consider the nonlinear system

�(k) = h(k) +

k�1

X

j=0

G(k � j � 1)' (�(j); j) ; (3.1)

k = 1; 2; : : : ; �(0) = �

0

; f�(k)g

1

k=1

time-series generated by (3.1)

h : N

0

! U ; U : Hilbert spa
e;R

n

G(j) 2 L(U;U)

' : U � N

0

! U

^

G(p) :=

1

X

k=0

G(k)p

�k

z-transform of G ;

T (p) :=

^

G(1=p) =

^

G

0

+

^

G

1

p +

^

G

2

p

2

+ : : :

(

~

A1) 9 
 > 0 9 �

0

> 1 : kG(k) k

L(U;U)

� 
�

�k

0

; k = 1; 2; : : : :

(

~

A2) 9P = P

�

; Q;R 2 L(U;U) s.t.

(�(k); P�(k))

U

+2(�(k); Q'(�(k); k))

U

+ ('(�(k); k); R'(�(k); k))

U

� 0

8 f�(k)g solution of (3.1), f'(�(k); k)g:

Let `

2

�

(1;1;U) with 0 < � <1 be the set of sequen
es

u = (u

1

; u

2

; : : : ) with u

k

2 U for whi
h f�

�k

u

k

g belongs to `

2

(1;1;U);

i.e.

P

1

k=1

�

�2k

ku

k

k

2

U

<1:

(

~

A3) The linear part of (3.1) is �-stable, i.e. 9 � > 0 8u 2 `

2

(1;1;U)

the sequen
e f�(k)g ; �(k) :=

P

k�1

j=0

G(k � j � 1)u(j) belongs to

`

2

�

(1;1;U).

10



Realization pro
edure:

1) Introdu
e the ba
kward shift � : `

2

�

(1;1;U)! `

2

�

(1;1;U) by

� (u

1

; u

2

; : : : ) = (u

2

; u

3

; : : : ); 8u = (u

1

; u

2

; : : : ) 2 `

2

�

(1;1;U):

De�ne A := �

2) De�ne B : U ! `

2

�

(1;1;U) by

Bu := (

^

G

1

u;

^

G

2

u; : : : ); 8u 2 U ;

and C : `

2

�

(1;1;U)! U by

C(u

1

; u

2

; : : : ) := u

1

; 8(u

1

; u

2

; : : : ) 2 `

2

�

(1;1;U):

3) z(k + 1) = Az(k) +Bu(k) ;

�(k) = Cz(k); z(0) = z

0

2 `

2

�

(1;1;U)

u(k) = '(�(k); k) ; k = 0; 1; 2; : : : : (3.2)

(3.2) is 
alled dis
rete-time Boltzmann-type transport equation asso
iated

with (3.1).

Example 3.1 �

n+2

+ �

n+1

+ '(�

n

n) = 0 ; n = 0; 1; 2; : : :

�(0) = �

0

; �(1) = �

1

z-transform: p

2

~� + p~� = � ~'

^

G(p) =

1

p

2

+p

^

G

�

1

p

�

=

1

1

p

2

+

1

p

=

p

2

1 + p

= p� 1 +

1

1 + p

= p� 1 +

1

X

m=0

(�1)

m

p

m

= p

2

� p

3

+ p

4

� � � �

11



^

G

m

=

8

<

:

0 ; m = 0; 1 ;

(�1)

m

; m = 2; 3; : : :

(z

1

(k + 1); z

2

(k + 2); : : : )

= � (z

1

(k); z

2

(k); : : : ) + (0; '(�

k

; k);�'(�

k

; k); : : : ) ;

k = 0; 1; 2; : : : ; �

k

= z

1

(k) ;

z

m

(k + 1) = z

m+1

(k) + (�1)

m

'(z

1

(k); k);m; k 2 N

0

�

Spa
e- and time-dis
rete version of the Ginsburg-Landau equation

in `

2

�

(1;1;U) :

u

j

(n + 1) = u

j

(n)� (1� i�)u

j

(n) ju

j

(n) j

2

+ {(u

j�1

(n)� 2u

j

(n) + u

j+1

(n)) u

j

(n) 2 C ; n; j 2 Z:

Dynami
al obje
ts of the latti
e model asso
iated to a time-series:

- �nite-dimensional attra
tors

- hyperboli
ity

- travelling waves u

j

(n) = 	(l

j

+mn)

- spatial stru
tures

Theorem 3.1. Consider the iteration (3.1) under the assumptions

(

~

A1) { (

~

A3). Let

^

G(p) :=

P

1

k=0

G(k)p

�k

be the z-transform of G.

Assume that the 
lass of nonlinearities des
ribed by (

~

A2) 
ontains at

least one linear fun
tion '(�; t) = K� with K 2 L(U;U) su
h that the

operator (I�

^

G(p)K)

�1

has a �nite number of singularities in the ring

1 < "

1

� j p j � "

2

:

12



Suppose that the frequen
y-domain 
ondition

^

G

�

(p)P

^

G

�

(p) + 2Re (Q

�

^

G(p)) +R > 0; 8p 2 C : j p j = 1

is satis�ed.

Then there exists a linear bounded operator M = M

�

: `

2

�

(1;1;U) !

`

2

�

(1;1;U) with the following property: Suppose � = f�(k)g

1

k=1

is a

sequen
e generated by (3.1) with h = fh(k)g

1

k=1

. Then if (h;Mh) < 0

we have � 2 `

2

�

(1;1;U), i.e. � is stable. If (h;Mh) > 0 then � is

unstable.

Remark 3.1 z(k) = �

k

z(0) +

P

k�1

j=0

�

k�j�1

Bu(j); k = 1; 2; : : : ;

z(0) = (z

0

(0); z

1

(0); : : : ) a time-series , M(z(0)) := 
l(f�

k

(z(0))g

1

k=0

)

the orbit 
losure. Suppose dim

F

M =: d < 1 and let n be the smallest

natural number s.t. n � 2d + 1 :

M := f(z

0

; z

1

; : : : ; z

n�1

)g is an n-dimensional subspa
e of `

2

�

(1;1;U):

The typi
al proje
tions `

2

�

(1;1;U)!M are one-to-one. Let the standard

proje
tion �

n

be typi
al. Then on

E := �

n

(M(z(0)) there is given a dynami
al system ~� := �

n

Æ � Æ �

�1

n

(~� ;M) : (z

0

; z

1

; : : : ; z

n�1

) 7! (z

1

; z

2

; : : : ; z

n

):

�

13



4 Transport equation for the Mathieu-Hill equation

We 
onsider an ODE of the se
ond order

�� + � _� + '(�(t); t) = 0 (4.1)

with a smooth nonlinearity ' : R � R ! R : Assume that any solution

of (6) exists on R .

Let us rewrite (6) in the following way

8

<

:

_z(t) = Az(t) +B'(�(t); t)

�(t) = Cz(t) ;

(4.2)

with A =

0

�

0 1

�� 0

1

A

; B =

0

�

0

�1

1

A

; C =

�

1 0

�

;

where �(t) is the input and '(�(t); t) is the output.

As \nonlinear part" is 
onsidered the fun
tion

'(�; t) = (� + 
 
os(t))� ; (4.3)

where � and 
 are parameters. Note that equation (6) with ' given by (8)

has the form of the Mathieu-Hill equation. It is well-known ([9, 13, 10℄)

that this equation with parametri
 exi
itation 
an be used to des
ribe some

bifur
ations in dynami
al bu
kling pro
esses.

Time is 
onsidered on the �nite interval [0; T ℄.

All fun
tions are 
onsidered as sequen
es

f�(t

i

)g

N+1

1

; t

k

= (k � 1)

T

N

; k = 1; 2::; N + 1

where N + 1 is the number of nodes on the interval [0; T ℄.

14



Step 1

Find a se
tor for the nonlinear part su
h that

�

1

� '(�; t)=� � �

2

8t; �:

Take initial data (�

i

(0); _�

i

(0)); i = 1; 2::; L, and 
al
ulate the numbers

�

1

; �

2

su
h that the relation

�

1

� '(�(t

i

); t

i

)=�(t

i

) � �

2

; i = 1; ::; N + 1 ;

is satis�ed. For the 
al
ulation of �

1

; �

2

an adaptive algorithm is used

whi
h is �nitely 
onverging in the sense of Yakubovi
h ([6℄).

Step 2

Write system (4.1) as Volterra integral equation

�(t) = h(t) +

t

R

0

G(t� � )'(�(� ); � ) d� ;

'(�; t) = (� + 
 
os(t))�;

(4.4)

where h(�) is the input and �(�) the output (� � �

h

).

The goal is to 
onstru
t an operator M whi
h gives all information about

stability of �

h

(�) with respe
t to the input h(�).

Assume that the kernel of (9) 
an be written as

G(t� � ) = e

�(t��)

;

where � is an unknown parameter.

Let � � 0 be the unknown parameter of the Hilbert spa
e L

2

�

introdu
ed

in Se
tion 2.

Step 3

In order to 
onstru
t the operator M we have as an auxiliary problem to

15



solve the linear Fredholm integral equation of the se
ond kind

T

Z

0

S

(�;�)

(t; � )~u

h;(�;�)

(� )d� + ~u

h;(�;�)

(t) = g

h;(�;�)

(t); (4.5)

where S

(�;�)

is a fun
tion depending on � and �, and g

h;(�;�)

depends also

on h(�).

From this equation we get ~u

h;(�;�)

(�) whi
h will be used further.

Remark 1

If we solve the integral equation (10) we get the solution of an asso
iated

Ri

ati equation. In general the Ri

ati equation is a quadrati
 equation

with respe
t to the unknown matrix or operator. In our situation this

equation (10) is linear what is important for pra
ti
al realization. The

reason for this is the spe
ial type of hyperboli
 equations arising in (3).

This property was also investigated in [19℄.

Step 4

Constru
t the 
ost-fun
tional J

T

�;�

(�) on L

2

�

.

Take some initial values �; �, 
al
ulate the fun
tional with these parameters

and 
ompare with the data.

Use for this an optimization pro
edure with respe
t to �; � for the fun
tional


omputed along the solution of the Fredholm integral equation (10).

As result of this step we get the fun
tional J

T

�

0

;�

0

.
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Step 5

De�ne the operator M

T

by

(M

T

h)(s) := �

1

�

1

T

Z

0

fe

�2�(�)

h

e

s��

e

�

1

(s��)

+ e

��s

�

1

(s� � )

i

+

+�

2

(�� )e

�

1

s

g(Pe�

h

(� ) +Qh(� )) d� ; 8h 2W

1;2

�

0

; (4.6)

where e�

h

(t) =

t

R

0

(e

�

0

(t��)

+h(� ))d�+h(t) and the fun
tions �

1

(�); �

1

(�); �

2

(�)

depend only on �

0

.

Then the sign of the test fun
tional

< M

T

h; h >=

T

Z

0

(M

T

h)(s)h(s)e

2�

0

s

ds (4.7)

gives us the information about stability of �(�) a

ording to Brusin's theo-

rem (Theorem 2).
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5 Numeri
al results

Consider the equation (4.1),(7) with the system parameters

� = 1=3; � = 1; 
 = 2: (5.1)

Using the above algorithm with T = 2�;N = 18; L = 50 we �nd the se
tor

from Step 1 for the \nonlinearity" (8) with �

1

= �1; �

2

= 3.

For the kernel G(�) and the fun
tion spa
e L

2

�

we obtain the parameters

�

0

= 0:29; �

0

= 0:1 : (5.2)

This de�nes the operator M

T

for the test fun
tional (11)

In order to verify our result we 
onsider the solution of (9) with the initial

data

�(0) = 0:15683; _�(0) = 0; 25269 : (5.3)

Computing the asso
iated h in (9) we get a positive sign of the test fun
-

tional (11). A

ording to Brusin's theorem the solution must be unstable.

The dire
t 
al
ulation of the solution (Fig. 3) shows their instability.

This means that the information from test fun
tional (12) is 
orre
t.
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